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ABSTRACT

Since the dawn of mankind, humans have used materials and tools to dominate the world. As

our understanding of the fields physics, chemistry and engineering is growing, we are able to arti-

ficially create advanced materials with engineered responses. Next step would be to create ‘ smart’

or intelligent materials capable of sensing their environment and change their material properties

in response, similar to biological matter. Active matter systems and materials functionalized with

active components can lead to such responsive materials. The work presented in this thesis fo-

cuses on theoretical and computational modeling of such active soft matter systems. Specifically,

we studied and helped design responsive hydrogel systems capable of shape transformations and

locomotion in response to various external fields and stimuli. We also studied the migration of

ferrofluid droplets in external magnetic fields which exist in a liquid phase as opposed to the hy-

drogels which are elastic. We developed continuum models to study each system and solved these

models using the finite element method. We worked closely with experimentalists to verify our

models and theories. The work developed here will help better understand these active materials

and will aid in the development of newer active soft matter systems.
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CHAPTER 1

INTRODUCTION

1.1 Introduction and Motivation

The understanding of materials has played a very important role in the advancement of our society

and culture. Materials have shaped our civilizations to such a large extent that historians have

named entire periods of human history after the predominantly used materials i.e. the stone age, the

bronze age and the iron age. Though historically, humans have always used materials to interact

with the world, but our knowledge of them was largely empirical. However, our understanding

of physics and chemistry has lead to a systematic study of the interdisciplinary field of material

science.

In modern times, in the 19th and 20th century, the traditional ‘hard’ materials such as metals

and semiconductors paved the way for industrial revolution and automation. Soon, we started

developing newer and better materials that could replace traditional materials while being light

weighted and easier to process. This lead to the focus on soft matter. The ‘hardness’ and ‘softness’

refers to a material’s response to external stimuli. Unlike hard matter, soft materials are more

compliant and easily deform under external stresses. This is because soft materials are made of

large molecules or aggregates which have weak intermolecular interactions. Due to the nature

of their composition, soft materials exhibit large morphological changes to external stimuli. Soft

materials include liquids, colloids, polymers, liquid crystals, gels, etc. These materials have great

industrial applications and have also become an important part of our daily lives.

The behavioral properties of soft materials can be altered by suitably functionalizing them with
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active constituents that consume energy and dynamically alter their macroscopic responses. This

energy can be provided by means of external fields and forces. In this work, we explored such

active matter systems that undergo shape transformations and locomotion in response to various

external stimuli. We studied two classes of soft materials, namely functionalized hydrogels and

ferrofluids. Hydrogels are elastic materials made up of three-dimensional polymer networks per-

meated by solvent molecules. Hydrogels can drastically change their volume by absorbing large

amounts of solvent. Stimuli responsive hydrogels have been shown to swell/shrink in response

to cues such as light [1]–[3], heat [4], magnetic fields [5], [6], changes in chemistry [7], [8], etc.

Ferrofluids on the other hand, are a colloidal suspension of magnetic nanoparticles that respond to

external magnetic fields.

In this work, we analyzed the aforementioned active matter systems by means of theoretical

modeling. We constructed continuum models to predict the behavior of these systems in the pres-

ence of external fields and solved them using the finite element method. Theoretical frameworks

developed here will help better understand these active systems and will aid in the development of

newer materials.

1.2 Mathematical background

Some of the basic theory in continuum mechanics is discussed here. The concepts, terminologies

and mathematical framework introduced here will be used to analyze the active matter systems

studied in the later chapters.

1.2.1 Coordinate frames

In order to describe the mechanical properties such as motion and deformation of a continuum

body, we need a coordinate system. Two different coordinate frames are commonly employed to
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Figure 1.1: Schematic representation of the spatial and material coordinate frames denoted by (x,
y and z) and (X , Y and Z) respectively.

describe continuum bodies and are listed as follows [9]:

• Spatial coordinate frame This is the lab frame which is fixed as the continuum body moves

through the physical space. Position coordinates in the spatial frame are usually denoted

by lower case letters i.e. x, y and z. The spatial coordinate frame is also known as the

Eularian frame and the corresponding mechanical description of a continuum body is called

the Eularian description. See figure 1.1.

• Material coordinate frame This is a coordinate frame that is attached to the continuum

body and moves/deforms along with the body. As the material deforms, the position co-

ordinates of the body in the material frame stay the same and usually denoted by upper

case letters i.e. X , Y and Z. The material coordinate frame is also known as the Lagrangian

frame or reference frame and the corresponding mechanical description of a continuum body

is called the Lagrangian description. See figure 1.1.

Before the continuum body starts deforming the spatial and the material frames coincide in the



24

initial state. As the body deforms, a point particle on the surface of the body moves and follows a

path given by

x = x(X, t) (1.1)

Here, x is the spatial coordinate and X is the material coordinate of the particle. For a simpli-

fied case where the x and X are measured with respect to the same coordinate system (as shown

in fig. 1.2), we can describe the position x of the particle as

x = X + u(X, t) (1.2)

where, u is the net displacement of the particle at reference positionX at time t. An infinitesimal

line element, dX in the reference frame, is mapped to the corresponding deformed line element

dx by

dx =
∂x
∂X

dX = F dX (1.3)

where F is called the deformation gradient tensor and can also be defined in terms of the

displacement u as

F =
∂x
∂X

=∇Xu+ I (1.4)

where∇X is the gradient with respect to the material coordinates i.e.

∇X =

[
∂

∂X
,
∂

∂Y
,
∂

∂Z

]
(1.5)
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Figure 1.2: Schematic representation of the deformation of a continuum body.

1.2.2 Strain

The deformation gradient tensor F is an important quantity as it contains all the information of

straining and rotation. It is sometimes required to only look at the deformation of a body ignoring

the overall rotation, for example, the free energy of an elastic body is invariant under a rotation.

Therefore, we can use the polar decomposition of F to separate the contributions of rotation and

stretch. The right polar decomposition of F can be defined as

F = RU (1.6)

where R is an orthogonal tensor (det(R) = 1 and RT = R−1) and U is the stretch tensor given in

the material frame. The tensor R describes the rotation of the body and U contains the information

about stretch. To calculate the length of the line element dx, we take [9]

ds2 = dx · dx = dX · (FTF) · dX (1.7)
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Here we can define the right Cauchy-Green deformation tensor C as

C = FTF
(
= UTRTRU = UTU

)
(1.8)

We can see here that the right Cauchy-Green tensor C does not depend on any rigid body motion

i.e. rotations and translations as it only depends on the stretch tensor U. Also from eq. 1.7 if

C = FTF = I, we get ds2 = dS2 where dS2 = dX · dX. Therefore, C = I corresponds to a rigid

body motion. Expanding C in terms of the displacement u

C = FTF = (I +∇Xu)T (I +∇Xu) = I +∇Xu + (∇Xu)T + (∇Xu)T (∇Xu) (1.9)

Here, we define the Green-Lagrange finite strain tensor E as

E =
1

2
[C− I] =

1

2

[
∇Xu + (∇Xu)T + (∇Xu)T (∇Xu)

]
(1.10)

In index notation,

Eij =
1

2

[
∂ui
∂Xj

+
∂uj
∂Xi

+
∂uk
∂Xi

∂uk
∂Xj

]
(1.11)

For infinitesimal strains, we can ignore the second order term i.e. (∇Xu)T (∇Xu). Therefore, the

infinitesimal strain tensor ε commonly known as the engineering strain tensor is given by

εij =
1

2

[
∂ui
∂Xj

+
∂uj
∂Xi

]
(1.12)
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1.2.3 Stresses

Stress is used to describe forces acting on a body and is defined as force per unit area. However,

depending on the coordinate frame the quantities are measured, we can have different measures

of stress on a body. The most commonly used measure of stress is the Cauchy stress also know

as the true stress. Cauchy stress, σ measures the force acting on a continuum body per unit area

measured in the deformed configuration or spatial frame. σ is also a symmetric tensor and it is a

consequence conservation of angular momentum. However the symmetry of the stress tensor is no

longer valid if there exists body moments per unit volume due to external or active stresses [9].

Other commonly used measures of stress on a continuum body are First and Second Piola-

Kirchhoff stress tensors and are explained below:

• First Piola-Kirchhoff stress tensor (P) - is a measure of stress which relates the forces mea-

sured in the spatial frame to the areas measure in the material frame. Similar to the deforma-

tion gradient tensor F, P is a two-point tensor.

• Second Piola-Kirchhoff stress tensor (S) is a measure of stress where both the forces and

areas are measured in the material frame. Just like the Cauchy stress tensor σ, the second

Piola-Kirchhoff stress tensor, S is also symmetric.

The above mentioned three stress tensor relate to each other via the following transformations:

S = F−1P (1.13)

σ = J−1PFT = J−1FSFT (1.14)

where J is the determinant of the deformation gradient tensor F i.e. J = det(F).
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1.2.4 Equation of Motion

Given the internal stresses and external forces on a body, we can write down the equations of

motion using the force balance equation i.e. Newton’s second law of motion. For an arbitrary

volume in undeformed reference frame V0, the momentum conservation can be expressed in the

integral form as:

∂

∂t

∫
V0

ρ0
∂u
∂t
dV =

∫
V0

fV dV +

∫
∂V0

T dA (1.15)

where, ρ0 is the mass density with respect to the volume in reference frame; fV is the volume

force acting on the body such as gravity per unit volume in reference frame; and T represents the

traction forces acting on the surface of the body.

Taking N to be the surface normal in reference frame and using the definition of first Piola-

Kirchhoff stress tensor P, we can write

∫
∂V0

TidA =

∫
∂V0

PiJNJdA =

∫
V0

PiJ
∂XJ

dV (1.16)

Plugging this back into eq. 1.15, we can write the equation of motion for our continuum body

as follows:

ρ0
∂2u
∂t2

= fV +∇X · PT (1.17)

Similarly we can write the equation of motion with respect to volumes in spatial frame as

ρ
∂2u
∂t2

= fv +∇x · σT (1.18)

where fv is the volume force per unit volume in spatial frame and the operator ∇x is with
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respect to the spatial coordinates x.

1.2.5 Material Models

The equations of motion are derived from Newton’s second law and are true for all continuous

media. However, they alone are not complete set of equations as they don’t describe the properties

of the material under study, for example, under an external load, the response of steel would be

different from that of rubber. Therefore, in order to describe these material properties we need a

constitutive equation that defines a relation between the stress and the strain i.e. σ = σ(ε). These

constitutive equations/relations are material specific and fully describe their behaviour in response

to external loads. These are also referred to as material models or constitutive models.

In this thesis, we will focus on the elastic properties of materials. Elasticity is the property due

to which a material deforms under a distorting force and goes back to its original shape once the

force is removed. Such material deformations are known as elastic deformations. Here, we will

discuss two difference classes of material models used to describe elastic deformations in solids.

Linearly elastic material model

Most elastic materials under a small deformation exhibit linear elasticity. The stress-strain consti-

tutive relation for a linearly elastic materials is known as the Hooke’s Law. Hooke’s Law is stated

as

σij = Cijklεkl (1.19)

where, Cijkl is the 4th order elasticity tensor. For homogeneous and isotropic material, the elastic-

ity tensor reduces to two independent parameters i.e. the bulk modulus K and the shear modulus
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µ and can be written as

Cijkl = Kδijδkl + µ

(
δikδjl + δilδjk −

2

3
δijδkl

)
(1.20)

Therefore, the constitutive relation eq. 1.19 can be written as [9], [10]

σij = λδijεkk + 2µεij (1.21)

where, λ and µ are known as Lamé parameters and the first Lamé parameter relates to the bulk

modulus K via the relation K = λ + 2
3
µ. The strain tensor ε used here is the infinitesimal strain

tensor (eq. 1.12).

Hyperelastic material model

Unlike Hooke’s law, the stress-strain constitutive relation for a hyperelastic material may not nec-

essarily be linear. For many materials, the linear Hooke’s law does not accurately predict their

behaviour and also as the strain on the material grows, they start deviating from a linear stress

strain relation. In order to accurately model such materials and strains, we need hyperelastic mate-

rial models. Their constitutive equation is derived from a strain energy density function Ws which

is a function of the deformation gradient tensor i.e. Ws = Ws(F). With the strain energy density

defined, we can calculate the stress on the system using

P =
∂W (F)

∂F
or PiJ =

∂W

∂FiJ
(1.22)
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We can also define the 1st Piola-Kirchhoff stress tensor P in terms of the Green-Lagrange strain

tensor E as

P = F · ∂W
∂E

or PiJ = FiK
∂W

∂EKJ
(1.23)

1.3 Polymer Hydrogel Model

The free energy of a polymeric hydrogel come from two processes: elasticity of the polymer

network and the mixing of the polymer mesh with the surrounding solvent. The free energy of the

hydrogel is therefore assumed to be [11]–[13]:

Ugel = Uelastic + Umix (1.24)

where, the elastic energy density Uelastic is given by the affine network model

Uelastic =
1

2

kBT

vmNx

(∑
i

λ2
i − 3

)
(1.25)

Here vm is the volume of the gel monomer; Nx is the average number of segments between

two crosslinking junctions of the polymer network i.e. larger the Nx, softer the gel; and λis are the

principal stretches of the system;

The mixing energy Umix is a function of the polymer volume fraction φ only. The polymers of

the hydrogel when not crosslinked form a solution with the solvent molecules, and the free energy

density of mixing of this polymer-solvent solution is given by the Flory Huggins model:

Umix =
kBT

vm

[(
1− φ
φ

)
ln(1− φ) + χ(1− φ)

]
(1.26)
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where, χ is a temperature dependent parameter (χ(T )) that describes the interaction between

the gel monomers and solvent molecules. If χ increases, the solvent molecules are expelled from

the gel causing the gel to shrink and if χ decrease the the solvent molecules are absorbed by the

gel causing the gel to swell.

Note: The expressions for Uelastic (eq. 1.25) and Umix (eq. 1.26) represent the energy values

per unit volume in the reference frame.

A hydrogel in equilibrium with the surrounding solvent will satisfy the no stress condition i.e.

∂Ugel/∂φ = 0 [12]. Also, for an isotropic free swelling gel, λis will all be equal and will satisfy

λ1 = λ2 = λ3 = φ−1/3. The equilibrium condition for an isotropically freely swelling gel can be

written as:

∂

∂φ

[
3

2Nx

φ−2/3 +

(
1− φ
φ

)
ln(1− φ) + χ(1− φ)

] ∣∣∣∣
φ=φeq

= 0 (1.27)

Equation 1.27 can be evaluated to calculate an expression for χ in terms of the equilibrium

polymer volume fraction φeq i.e.

χ = −φ
−5/3
eq

Nx

− log (1− φeq)
φ2
eq

− 1

φeq
(1.28)

1.4 Finite Element Implementation

1.4.1 The reference state

In solving the hyperelastic model of the hydrogel numerically, the choice of a suitable reference

state becomes critical. The term Uelastic (eq. 1.25) assumes the reference state to be a dry polymer

state with no solvent i.e. λi = 1 in the dry state for all i. However, the dry polymer state can cause

infinities in the numerical implementation of the mixing energy Umix (eq. 1.26). This is because
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Figure 1.3: Illustration of the reference state used for numerical calculations

of the presence of the log(1 − φ) term in the expression as φ = 1 for the dry state. In order to

circumvent this problem, we have to choose a reference state that is not dry and therefore rewrite

eqs. 1.25 and 1.26 with respect to a new reference state for the numerical implementation of the

hydrogel.

One option is to choose an isotropically swollen gel state with λ1 = λ2 = λ3 = λ0 = φ
−1/3
0

where φ0 is the polymer volume fraction of the hydrogel in the reference state (φ0 < 1). Therefore,

for the purpose of the numerical simulations, the stretches λ1, λ2 and λ3 in the current state are

written with respect to this isotropically swollen reference state. This concept can be visualized

with the help of fig. 1.3. The total stretch in the current state is λ0λ1, λ0λ2 and λ0λ3 with respect

to the dry state. Additionally, since Uelastic and Umix are energy ‘densities’, we require

∫
V

UdrydVdry =

∫
V

UrefdVref (1.29)
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where Udry and Uref are any arbitrary energy ‘densities’ written with respect to volume in dry

state (Vdry) and reference state (Vref ) respectively. Since dVdry = φ0dVref (by definition), we have

Uref = φ0Udry. Therefore, using eq. 1.25 for the elastic energy density and rewriting it with

respect to the new reference state, we get:

Uelastic =
1

2

kBT

vmNx

φ0

(∑
i

λ2
0λ

2
i − 3

)

=
1

2

kBT

vmNx

φ0

(
φ
−2/3
0

∑
i

λ2
i − 3

) (1.30)

Using this equation (eq. 1.30) will ensure correct calculations of the elastic energy while

writing the stretches with respect the reference state. Similarly, now we have to rewrite the mixing

energy Umix. First, we see that the polymer volume fraction φdry−to−current = 1
λ30λ1λ2λ3

= φ0φ.

Therefore, using equation 1.26, we can write the mixing free energy to be:

Umix =
kBT

vm
φ0

[(
1− φ0φ

φ0φ

)
ln(1− φ0φ) + χ(1− φ0φ)

]
(1.31)

Here you can see that we no longer run into the the problem of getting infinities from the log

term in the mixing energy Umix. This is because when φ = 1, our current state coincides with the

reference state instead of the dry state and we get finite results for both the elastic energy and the

mixing energy.

Note: In order to perform numerical calculations, a similar treatment of changing the reference

frames should be done for any additional terms that one may add to the hyperelastic model of the

hydrogel (discussed in later chapters).

The hydrogel model is then solved using a commercial finite element software COMSOL [14].

We use COMSOL’s solid mechanics module which has an option to create user-defined hyperelas-

tic material models. [15]



35

1.5 Outline

The mathematical framework of continuum mechanics introduced in the previous section will act

as the foundation for all the work discussed later in this thesis. The research projects undertaken

are listed as individual chapters starting from chapter 2 where we developed a material model used

to describe a photo-responsive hydrogel system. Using this material we designed multi-component

hydrogel sheets that fold into origami inspired patterns in the presence of light.

In chapter 3, we discuss the model we developed for understanding the dynamics of pattern

formation in a BZ-hydrogel undergoing chemically induced mechanical oscillations.

In chapter 4, we constructed a magnetically driven soft robotic system capable of walking

underwater. The walking behavior of the robot could be tuned with the help of an external light

source. Here we discuss the continuum model developed to understand the motion of such a robotic

system. We also provide synthesis details of the robot’s material as it is critical for the development

of the its constitutive model.

In chapter 5, we constructed another hydrogel robot that can be actuated using light and mag-

netic fields. However, this robot is capable of swimming underwater in addition to just walking.

We modeled the interaction of the swimmer with the surrounding fluid to demonstrate the swim-

ming behavior of the robot. Due to the unique chemical nature of the developed material, the

constructed swimming robots exhibit phototactic properties.

In chapter 6, we analyze an active matter system that is in a liquid state as opposed to the solid

hydrogel systems analyzed in the other chapters. In this work we study the motion of a ferrofluid

droplet moving under the influence of a rotating magnetic field.

Lastly, chapter 7 will conclude this thesis by summarizing the work presented here.
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CHAPTER 2

CONTROLLING THE SHAPE MORPHOLOGY OF ORIGAMI-INSPIRED

PHOTORESPONSIVE HYDROGELS

2.1 Abstract

The concept of origami has influenced the development of responsive materials that can mimic

complex functions performed by living organisms. An ultimate goal is to discover and design soft

materials that can be remotely actuated into diverse structures. To achieve this goal, we design

and synthesize here a light-responsive spiropyran hydrogel system that can display dynamic shape

changes upon irradiation with local light. We use a continuum polymer model to analyze the be-

havior of the constructed photoactive hydrogel, which is in good agreement with the experimental

results. We explore different buckling modalities and patterns in a different range of parameters.

The synthesis and fabrication of these materials demonstrate that the theoretical model can be used

to drive the development of responsive photoactive systems.

2.2 Introduction

Many biological species can alter their shape in response to changes in the external environment.

These remarkable properties evolved to allow species to better survive in nature. Synthetic ac-

tive materials with similar shape-morphing capabilities can prove to be extremely useful in soft

This chapter is primarily based on the published work [16] of Aaveg Aggarwal, Chuang Li, Samuel I. Stupp and
Monica Olvera de la Cruz, with extended and modified details. Experimental work was conducted by Dr. Li and Prof.
Stupp.
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robotics [8] [6] [5], biosensors [17], and drug delivery [18] [19] applications to name a few.

Stimuli-responsive materials that deform in response to environmental cues such as chemical [8]

[7], thermal [4], light [6] [1] [2] [20], and magnetic fields [6] [21] [5], have become exemplary

materials for such endeavours. Light-responsive materials are of particular interest as light can

be delivered remotely and precisely for local actuation of the material. Recent examples of light-

responsive materials include polymer films containing cis-trans azobenzene switches [22] and hy-

drogels based on spiropyran chemistry [23] [2] [3] or molecular motors [24] [25]. Among these

systems, spiropyran-based hydrogels have attracted significant attention. Due to the high-water

content and similarity to extracellular matrix, hydrogels offer the possibility of functioning in wa-

ter and have the potential to exchange fluids with aqueous environments compared to other solid

actuating materials.

The design of materials coupled with active actuation mechanisms plays a vital role in de-

termining their applicability and performance. Recently, origami, the art of paper folding, has

inspired the design of various technologies including deployable structures for aerospace appli-

cations [26] and stents for biomedical applications [27] [28]. The shape transformations of flat

two-dimensional sheets into folded three-dimensional origami structures have resulted in materials

that exhibit exotic mechanical properties [29] [30]. Origami also provides a bottom-up approach

for the fabrication of 3D structures that would otherwise be difficult to manufacture [31]. In the

field of soft robotics, origami has inspired the design of various transformable robots [32] [33] [34].

Previously, bilayered or multilayered designs have been used to create origami structures [35] [36]

[37] [38] where the structures fold due to differential swelling between the layers. This strategy

can make the fabrication process complex and, more importantly, the shape changes of layered

origami are restricted to predesigned shapes since the swelling ratio of each layer is fixed. Single

layered spiropyran hydrogels can overcome these drawbacks since the light naturally decays in-
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side the material and creates a gradient of hydrophobicity, which induces curvature, and switching

the light off allows the material to relax to its original flat geometry [39]. This folding-unfolding

process is highly reversible, and the actuation dynamics depend on the environmental irradiation

conditions. In this work, we design and fabricate a reversibly folding origami sheet actuated by

light using a single layer film prepared from a spiropyran hydrogel. We exploit composites of pho-

toactive and photoinactive hydrogels to create active fold patterns for the origami sheets. Using a

theoretical description of active hydrogels, we simulate and predict the response of these origami

sheets to various control parameters. Furthermore, we demonstrate different modalities of buckling

that produce diverse patterns such as concave-convex buckled membranes.

2.3 Results and Discussion

2.3.1 Photoactive hydrogels

The photoactive hydrogels were created using copolymerization of a polymerizable spiropyran

photoswitch with N-isopropylacrylamide (NIPAM) monomer and N,N’-methylenebisacrylamide

(MBAAm) crosslinker (See [16, Appendix A] for details). These photoswitches display a proto-

nated and charged ring-opening form (merocyanine) in the dark under acidic environments and

isomerized to a non-charged hydrophobic ring-closed form (spiropyran) upon irradiation, which

was verified by UV-Vis spectroscopy [16, Appendix A Fig.6]. We used rheological measurements

to test the mechanical properties of the formed hydrogels. [16, Appendix A Fig.7] shows that

the storage modulus is as high as 2000 Pa, demonstrating the mechanical robustness of the hy-

drogel, which is critical for the thereafter actuation and robotic functions. The prepared hydrogel

sheet (10.0 mm long, 10.0 mm wide, 0.5 mm thick) contracted to 83% of its original size upon

irradiation with white light (470mW/cm2, see [16, Appendix A] for details). The hydrogel sheet

recovered the original swelling state in the dark, and the contraction-expansion process was found
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to be highly reversible by alternately switching the light on and off [16, Appendix A Fig.8]. The

chemical equation for the spiropyran conversion can be written as shown below where MCH+, the

hydrophilic moiety of the spiropyran gets converted to SP, the hydrophobic moiety in the presence

of light.

For a quantitative description of the reaction, we write the chemical kinetic rate equation for

the conversion of spiropyran from MCH+ to SP as follows:

∂rsp
∂t

= kL(I(x))rmch − kDrsp (2.1)

where rmch and rsp are the fractions of spiropyrans in MCH+ and SP moieties respectively

(rmch + rsp = 1); kD is the backward reaction rate coefficient which is a constant at a given

substituent, temperature, and pH; and kL is the forward reaction rate coefficient, which depends on

the intensity of light (I). For a unidirectional and monochromatic [40] light source with frequency

ν, kL(I) can be written as:

kL =
Ψν,mch

hν
εIν,mch (2.2)

where Ψν,mch is the quantum yield of the MCH+ moiety which is defined as the number of

reactions per photon, εν,mch is the molar absorptivity of MCH+ moiety and h is Planck’s constant.

Light triggers the chemical reaction which makes the hydrogel more hydrophobic and bending
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of the photoactive hydrogel is determined by the propagation of light in the material. As light

propagates through the material thickness, its intensity decays and creates a spatial gradient in

the distribution of the hydrophilic and hydrophobic moieties within the hydrogel. This creates

a gradient in the water concentration, which in turn leads to a mechanical deformation of the

material.

The decay in the light intensity is primarily attributed to the absorption caused by the photo-

chemical reaction itself, where the absorptivity of the material changes as the chemical reaction

progresses. The propagation of light in the material is deeply coupled with the chemical reaction

because of their interdependent relation. This process can be described by the Beer-Lambert law

with the total absorption A = εmchcmch, where εmch and cmch are the molar absorptivity and the

molar concentration of the MCH+ chromophore (note the difference between cmch and rmch), re-

spectively. Therefore, the intensity of light propagating in the z-direction can be calculated using

the differential equation:

∂I

∂z
+ AI = 0 (2.3)

The molar concentration cmch can be written in terms of rmch using the equation:

cmch = rmch
fφ

vmNA

(2.4)

Here, f is the fraction of monomers in the hydrogel that are chromophores; φ is the volume

fraction of the polymer; vm is the volume of a single monomer of the hydrogel; and NA is the

Avogadro’s number. Therefore, we can rewrite equation 2.3 as below:

∂I

∂z
+

(
εmchrmch

fφ

vmNA

)
I = 0 (2.5)
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Figure 2.1: Light induced gradients - Finite Element calculation for a block of spiropyran-NiPAAm
system in the presence of light (propagating in -z direction) at 60mW/cm2. a) Plot showing frac-
tion of SP moiety, rsp induced due to light as a function of distance from the (light receiving)
surface in the initial state (time = 0) and the equilibrium state. Inset shows the corresponding 3D
plot of rsp in the hydrogel in equilibrium state. b) Plot showing the intensity of light as it de-
cays through the thickness of the hydrogel in the initial and equilibrium states. Inset shows the
corresponding 3D plot of light intensity in the hydrogel in equilibrium state. Note: The induced
deformation is not considered in these calculations

Equations 2.1 and 2.5 determine the distribution of MCH+ and SP species in the hydrogel.

Figure 2.1 shows finite element calculations for the rsp and the light intensity I within a block of the

photoactive hydrogel irradiated at 60mW/cm2 under initial (rsp = 0) and equilibrium conditions

(∂rsp/∂t = 0). The 1D plots show the dependence of rsp and I as a function of the distance from

the light receiving surface of the hydrogel. Here, the light is propagating in the -z direction.

The deformation induced by the light can be calculated using the free energy density of the

hydrogel (see chapter 1 section 1.3) [13] [11]. The energy density for the spiropyran-NiPAAm

system can be written as a sum of three terms: Uelastic accounts for the elasticity of the hydrogel’s

polymer matrix, Umix accounts for the interaction between the solvent and the polymer network
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and Uphoto accounts for the interaction of the hydrogel with light,

Utotal = Uelastic + Umix + Uphoto (2.6)

where Uelastic and Umix are given by eq. 1.25 and eq. 1.26 respectively. To describe the photo-

induced effects on the free energy of the hydrogel, the term Uphoto is added to the free energy of

the hydrogel given by [41]

Uphoto =
kBT

vm
αrsp(1− φ) (2.7)

Note: eq. 2.7 describes the energy density with respect to a dry polymer state. For the purpose

of numerical simulations/calculations rewrite Uphoto with respect to a partially swollen reference

state (with φ = φ0) as described in chapter 1 section 1.4.1 i.e. Uphoto(φ)→ φ0Uphoto(φ0φ).

Here, the parameter α is given by

α =
zf

kBT
(uss − ums) (2.8)

where uss and ums are the interaction energies of the SP and MCH+ moieties with the solvent,

respectively; z is the coordination number of the lattice; and f is the fraction of monomers in the

hydrogel that are chromophores. Since the interaction energies in equation 2.8 are not known, α is

used as a fitting parameter. We know, SP moiety is more hydrophobic than MCH+, therefore, α has

a positive value. Recently, Li, Iscen, Palmer, et al. [3] showed that spiropyran molecules can be

also chemically altered to become more hydrophilic upon light irradiation, in which case, α would

attain a negative value. We note that the same theoretical description can be used for positive or

negative α.

The hyperelastic model of the photoresponsive hydrogel was solved using the solid mechanics



43

module of the finite element software, COMSOL [14] along with the coupled chemical reaction

and light propagation equations. The list of all the parameters used in the finite element calculation

is given in Tab. 2.3.1. The quantum yield Ψ (eq. 2.2), is arbitrarily chosen but this parameter does

not affect the physics of the problem. This is because any transformation of the following type

leaves the full set of equations invariant:

Ψ→ cΨ and I → I/c

where I is the intensity of the incident light and c is an arbitrary scaling factor. Therefore, we

can choose any arbitrary value for ψ and sweep the light intensity, I to tune the geometry to the

required shape. We choose the value of Ψ to be equal to 0.01916 to match the scale of theoretical

values of light intensities to the experimentally used intensity values.

In the absence of light, the hydrogel can freely swell and equilibrate with the surrounding

solvent. The total stress on the material in this state is zero. This condition can be used to calculate

the relation between the initial polymer volume fraction φ0 and the interaction parameter χ. Using

the no-stress condition, ∂U/φ
∂φ

= 0, we get [12]

χ = −φ
−5/3
0

Nx

− log (1− φ0)

φ2
0

− 1

φ0

(2.9)

This is the same expression as eq. 1.28 except the equilibrium volume fraction φeq in eq. 1.28

is the initial volume fraction φ0 for the purpose of this model.

The First Piola-Kirchhoff stress tensor, P is calculated using the equation:

Pij =
∂U(Fij)

∂Fij
(2.10)

Here, U is the free energy density of the hydrogel in the reference configuration and Fij is

the deformation gradient tensor. In the absence of any external force, the following force balance
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Parameter Description Value
εν,mch Absorption coefficient of MCH+ 106L/mole.m

f
Fraction of chromophores to the total number of

monomers in the gel
0.05

ν Wavelength of light absorbed by the gel 410nm
Ψν,mch Quantum yield of the chromophores 0.01916
kd Backward reaction rate coefficient 0.05s−1

α Light interaction parameter 0.0925
T Temperature 298K
vm Volume of a monomer 3× 10−29m3

φ0 Volume fraction in absence of light 0.05

Nx
Mean number of monomers between neighbouring

crosslink junctions in the polymer mesh
25000

Table 2.1: The table of values for all the relevant parameters used in the theory

equation can be used to calculate the equilibrium deformation of the hydrogel in the presence of

light.

∂Pij
∂Xj

= 0 (2.11)

2.3.2 Light-induced buckling

Any light-exposed volume of the hydrogel becomes hydrophobic and expels water, thereby shrink-

ing isotropically. However, due to the gradient of hydrophobicity set up by the light (fig.2.1a

(inset)), the isotropy in the z-direction is broken as the face of the hydrogel closer to the light

shrinks more compared to the face of the hydrogel further away from the light. For small in-

tensities of light, the deformation in the light-facing side is small and the material maintains its

isotropy in the x-y plane as it bends towards the light. As the light intensity increases, the decay

in the intensity causes a larger difference in the shrinking ratios between the light-facing side and

the light-opposing side. This creates an increase in the elastic stress that leads to the buckling of



45

Figure 2.2: Light induced deformation - a) A photoresponsive hydrogel disk in the undeformed
state (left) undergoing deformation under light exposure (light propagating in -z direction). At low
light intensities the disk deforms into a dome shape (middle) but as the intensity increases, the
internal stress causes the disk to buckle, and we find that undulations form around the rim (right).
The colour bar represents the displacement of the disk with respect to initial shape in units of the
radius, R. b) An ellipse in the undeformed state (left) and buckled state (right). The colour bar
represents the displacement with respect to the initial shape in units of semi-major axis.

the material beyond a critical light intensity. To characterize the buckling behavior, we solve the

continuum model under equilibrium conditions using finite element analysis. Figure 2.2 shows the

calculated buckled states of a hydrogel sheet for two different geometries. Fig 2.2a shows the case

of a circular hydrogel disk. At low light intensity, the disk bends into a dome shape, whereas above

a critical intensity, the disk buckles to form undulations along its circumference, breaking its radial

symmetry. The number of undulations depends on the mode of buckling (see supplementary in-

formation section 2.5). However, the behaviour is very different for a geometry such as an ellipse.

The ellipse unlike a disk has a preferred direction of buckling. The ellipse prefers to buckle about

the semi-minor axis as shown in Fig. 2.2b since the geometry has the smallest bending stiffness
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along the long axis. This demonstrates that the shape of the material plays a vital role in determin-

ing its post-buckling state. However, the material can also be forced to buckle about any arbitrary

axis using the two different methods described below.

1. Reinforcement. Photoactive hydrogels reinforced with nanowires have been shown to bend

about the direction of the nanowires [6] (the reinforcement model will be described in more detail

in chapter 4). These nanowires create an anisotropic elastic response in the material. The elasticity

of the material is different in the direction of the fiber compared to the direction perpendicular to

the fiber. Therefore, by designing the material reinforcement, the hydrogel can be forced to buckle

about any desired axis. A similar reinforcement-like effect can also be induced using a photo-

inactive gel in combination with a photoactive hydrogel. These composites can drastically change

the natural buckling behavior of photoactive hydrogels.

2. Photo-active-inactive hydrogel composites. The bending behavior of a photoactive hydro-

gel can be modified by combining it with a blank hydrogel (photo-inactive). Figure 2.3 shows the

case of a rectangular strip of photoactive hydrogel where the light is shone from above (propagat-

ing in−z direction). The hydrogel strip would ideally bend about the shorter edge as demonstrated

in Fig.2.3a but due to the presence of the blank gel, the photoactive strip instead bends about the

long edge. This happens because it is energetically favourable for the blank hydrogel to maintain

its initial flat state as it is not affected by the light. The blank gel essentially works as a reinforce-

ment for the photoactive hydrogel strip. As a result, it forces the photoactive strip to change its

bending direction.

2.3.3 Photoactive origami

The photo-active-inactive hydrogel composites can be used to create films that fold in the desired

manner upon light irradiation. Fig.2.3a shows the construction of a simple origami fold. The
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Figure 2.3: Photo-active fold line - a) FE calculation demonstrating the change in the bending
direction due to the presence of photo-inactive (blank) hydrogel. The hydrogel strip bends about
the shorter edge upon being irradiated with light but bends about the longer edge after adding the
blank gel. b) Photographs of samples with single photoactive fold-lines of varying widths after
irradiating with different light intensities for 30 min. The photographs show the dependence of
folding angle on the linewidth and the light intensity. c) Plot of folding angle with respect to the
width of the photoactive line. The symbols represent the experimental values for two different
light intensities and the solid curves represent the corresponding theoretical fits attained using the
continuum model. (inset) shows the definition of the folding angle used. d) Theoretical plot of
the folding angle with respect to the light intensity, I for various widths of photoactive fold-line
calculated using FE analysis.
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embedded photo-active strip in a blank hydrogel sheet acts like a fold-line that can be controlled

using light. Each fold-line in the origami sheet can be individually controlled. The folding angle

of a fold-line depends on both fixed parameters and controllable parameters. Fixed parameters

include both the chemical parameters such as the spiropyran doping ratio, gel elasticity, and solvent

interaction parameter of the hydrogel, while the geometry-dependent factors include the width of

the active fold-line. While it is possible to tune the chemical composition of the material, this may

not be the easiest way to control the final shape of the origami structure. Therefore, designing

the origami with the appropriate fold width is a simple way to achieve the desired structures. As

shown in fig.2.3b, we constructed hydrogel sheets of dimensions 20mm × 10mm × 0.5mm with

a photoactive fold-line in the middle. By changing the width of the fold-line, we can control the

angle of the fold. Fig.2.3b demonstrates the change in the folding angle for different values of line

widths and light intensities in different samples. We modeled this system with parameters derived

from the experiments. The list of all parameters used is given in Tab.2.3.1. In Fig. 2.3c, we plot the

folding angle of the hydrogel sheet as a function of changing the width of the photoactive fold-line

under equilibrium conditions. Here, the folding angle is defined as the angle formed between the

two legs of the fold as shown in Fig. 2.3c (inset). The two curves correspond to the intensity values

of 235mW/cm2 and 470mW/cm2. The symbols in Fig. 2.3c represent the experimental data and

the solid curves represent the corresponding theoretical fits from the finite element analysis.

Unlike the aforementioned fixed parameters, the intensity of the external light source is a con-

trollable parameter as it can be used to reversibly change the shape of the structures. Fig 2.3d plots

the folding angle of the hydrogel sheet as a function of the light intensity calculated for various

fold widths using the finite element analysis. Therefore, by appropriately tuning the intensity of

the light source, we can allow our pre-designed structures to fold into the desired shapes on the fly.

Another advantage of such a system over conventional origami materials is that it is a single-layer
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Figure 2.4: Controlling geometry by locally actuating each fold – a) A schematic representation
of a photo-active fold-line which can exist in one of three states +1, -1 or 0 which represents
light shone from above, light shone from below or no light shone, respectively. b) A photograph
of a hydrogel segment with 3 active fold-lines and can fold into 27 possible configurations. c)
Photographs and FE calculations of 7 of 27 possible configurations attained by locally actuating
each fold independently. In the experiments, it requires 30 min irradiation for the gel samples to
reach the final shapes and 1 h to relax in the dark to recover their initial states.

material which makes it easier to fabricate. Furthermore, these origami sheets can fold in either

direction depending upon the direction of light, thereby creating both mountain and valley folds.

To demonstrate the functionality, we constructed a structure with three active fold lines (see

[16, Appendix A1.6] for synthesis details). As shown in Fig.2.4a, any photoactive segment can

have three possible states depending upon the state of the external light source: light shone from
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the top labeled as +1 state, light shone from below labeled as -1 state, and no light shone labeled as

0 state. The advantage light offers here is that using light we can independently actuate each fold-

line. For a strip with three active fold-lines (Fig. 2.4b), there can be 27 possible configurations

and they can dynamically go from one state to another. Fig. 2.4c shows seven of the possible

attainable shapes and their corresponding numerical predictions. Please note that all these folding

shapes come from the same object, and it is the light sequence that was applied to the object

which induced the differences in folding geometries. This result highlights the reconfigurability

and versatility of our material, which is different from the bilayered spiropyran hydrogel system

previously reported by Li, Xue, Han, et al. [38]. The relative ease of fabrication of these devices

along with the high accuracy of numerical predictions can help us in creating advanced active

materials with a large variety of applications.

2.3.4 Exploring different modalities

The hydrogel sheet buckles into a folded structure due to the reinforcement from the blank gel. As

discussed before, the resistance of the blank gel to bending leads to the buckling of the hydrogel

sheets. However, the bending stiffness of a sheet can be controlled by changing its elastic modulus

or/and its thickness. Here we discuss the changes in the buckling pattern as the hydrogel sheet

is miniaturized; thereby decreasing the bending rigidity of the blank gel. As the blank gel is

made thinner, we see a mode where the photoactive region begins to develop a negative Gaussian

curvature profile. Fig.2.5 shows a 400µm × 300µm rectangular sheet with a photoactive region

with a width of 80µm. Fig.2.5a shows the case where we gradually decrease the thickness of this

sheet from 10µm to 4µm in steps of 2µm. We see the emergence of a negative Gaussian curvature

profile with decreasing thickness. However, this new mode disappears as we increase the elastic

modulus of the blank gel as shown in fig.2.5b. This demonstrates the role of blank gel’s bending
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Figure 2.5: Bending rigidity of the blank gel - a) The emergence of negative Gaussian curvature
with decreasing thickness of the sheet of dimensions 400 × 300µm. Starting from left the thick-
nesses used are 10µm, 8µm, 6µm and 4µm. b) The negative Gaussian curvature profile (left)
disappears by increasing the elastic modulus of the blank gel (right). Thickness of the gel is 4µm.
(The light is propagating in −z direction).

stiffness in the buckling of these hydrogel structures. Furthermore, the blank gel can be entirely

replaced with a set of boundary conditions and new patterns can emerge. For instance, recently

Xiong and Kuksenok [42] showed the emergence of wave-like patterns in an active hydrogel sheet

with constrained edges.

2.4 Conclusion

This paper focuses on the design of a light-responsive spiropyran hydrogel system that can dis-

play various dynamic shape changes using a single material upon irradiation with local light. The

origami patterned created could be erased in the dark and the materials could be re-used by ap-

plying a second irradiation sequence to create other origami shapes. This high dynamic property

makes our hydrogel different from previous systems. We design structures that display specific

buckling modes and discuss the synthesis details of these photoactive hydrogel structures. We

use a continuum polymer model to analyse the hydrogel behaviour by implementing polymer gel

elasticity theory and the hydrogel response to the light in the finite element software COMSOL.
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Figure 2.6: Some of the buckling modes of a disk. a) 4-fold symmetric structure and b) 8-fold
symmetric structure. The colour bar represents the displacement of the disk in units of its radius,
R.

We verify our theoretical predictions against experimental results. Our modelling approach allows

us to explore various possible patterns in light-responsive hydrogels in different parameter-space

regimes. The photoactive hydrogel system and the theoretical model developed here provide the

guidelines to aid the development of more complex structures and devices.

2.5 Supplementary Information

Buckling modes of a circular disk

A full study of buckling modes of a disk is beyond the scope of this article. However, we did a

post-buckling analysis by ramping up the light intensity at different rates and got different modes

in which the disk can buckle. Figure 2.6 shows two of the many different modes that the disk can

buckle into. Fig. 2.6a shows the emergence of a 4-fold symmetric structure and fig. 2.6b shows an

8-fold symmetric structure.
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CHAPTER 3

CHEMICALLY CONTROLLED PATTERN FORMATION IN SELF-OSCILLATING

ELASTIC SHELLS

3.1 Abstract

Patterns and morphology develop in living systems such as embryos in response to chemical sig-

nals. To understand and exploit the interplay of chemical reactions with mechanical transforma-

tions, chemo-mechanical polymer systems have been synthesized by attaching chemicals into hy-

drogels. In this work, we design autonomous responsive elastic shells that undergo morphological

changes induced by chemical reactions. We couple the local mechanical response of the gel with

the chemical processes on the shell. This causes swelling and deswelling of the gel, generating

diverse morphological changes, including periodic oscillations. We further introduce a mechanical

instability and observe buckling-unbuckling dynamics with a response time delay. Moreover, we

investigate the mechanical feedback on the chemical reaction and demonstrate the dynamic pat-

terns triggered by an initial deformation. We show the chemical characteristics that account for the

shell morphology and discuss the future designs for autonomous responsive materials.

This chapter is primarily based on the published work [7] of Siyu Li, Daniel A. Matoz-Fernandez, Aaveg Aggar-
wal and Monica Olvera de la Cruz.
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3.2 Introduction

Chemical reactions are key components in morphogenesis and are essential to assemble mechano-

responsive materials with self-healing and adaptive properties [43]–[46]. In particular, the coupling

of chemical reactions with responsive gels has offered the possibility to create autonomous mate-

rials that convert chemical energy into mechanical energy [47]–[51] that resemble heart beating

dynamics. The design and synthesis of materials with biological functions is a challenge that in-

volves a delicate balance between structural shape and physiological function. During embryonic

development, for example, flat sheets of embryonic cells morph through a series of folds into intri-

cate three-dimensional structures such as branches, tubes, and furrows that build blocks for organs

that enable their proper function. Such shape-forming processes are driven by controlling chemical

and mechanical signaling events.

Man-made chemo-morph systems, however, are less common than the biological counterpart.

Only recently, reconfigurable soft robots have been proposed [52]–[54]. One of the main advan-

tages of soft materials is that they do not need mechanical parts; the motion is driven by external

chemophysical signals. Rhythmic swelling and contractions in response to chemical changes have

been observed [55]–[59]. The synergy between chemical interactions and locally directed forces

lead to selection rules for sizes and shapes that autonomously generate motion [8].

In chemo-responsive soft materials, the complex nature of microscopic interaction contributes

to a macroscopic morphology [3], [60]. The diffusion of reactants, for example, can in principle

elicit different responses due to mechanical deformation. As in morphogenetic processes, the flow

of information is complex and relies on the interplay among all components. That is, chemically

generated stresses induce material deformation that influences the chemical regulators in a close

feedback loop [61]–[63]. Here, we introduce a model to study the shape dynamics triggered by au-
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tonomous chemical reactions in closed elastic shells. We focus on chemical changes that introduce

periodical hydration changes that prompt gel swelling.

We study autonomous gel membrane dynamics triggered by periodic reduction-oxidation reac-

tions that generate membrane hydration heterogeneities. Instead of considering two-dimensional

elastic models for mechanically heterogeneous crystalline small shells that buckled into polyhe-

dral [64], we consider thin membranes elasticity models that generate wrinkling by imposing the

metric [65], [66]. That is, in order to include the response to the chemical field on the membrane we

integrate the chemical field on a non-Euclidean shell elasticity models [67], [68] and in such way

investigate the local hydration impact on membrane morphological changes. We simultaneously

incorporate the chemical dilution due to stretching and dynamics associated with the deformed gel

and study the mechano-chemical feedback loop. We report a wide variety of morphologies and

oscillation behavior that indicates a robust mechanism for the future design of chemo-responsive

gels with desired functionality.

3.3 Chemical activated surfaces

We consider a chemo-responsive polymeric thin elastic shell of radius R and thickness h � L,

which is represented by a two-dimensional mid-surface smooth function with no overhangs. The

elastic response of the material is modeled using linear elasticity [69] and the chemically induced

swelling/shrinking is modeled using the so called ‘target metric’ approach [70]. The target metric

approach models the swelling/shrinking behaviour of a 2D surface by changing its assigned metric

from an initial metric to a final or ‘target’ metric. Under such a transformation, the total free energy

of the system does not change, which is consistent with the model of the hydrogels presented in

chapter 2 since a freely swelling hydrogel stays at a zero stress state. Fig. 3.1 shows a schematic

representation of this approach by demonstrating the case of a 2D square element that undergoes
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Figure 3.1: Schematic representation of the target metric approach by demonstrating the case
of a 2D square element that undergoes a chemically induced deformation followed by an elastic
deformation.

a chemically induced deformation followed by an elastic deformation. The elastic energy is only

associated with the difference between the target metric and the actual metric (and not between the

initial metric and the target metric).

The elastic energy associated with the deformation of the mid-surface of the shell can be ex-

pressed as [67], [71],

Eelastic(gαβ, ḡαβ) =
1

2

∫
dĀ Aijkluijukl

+
1

2

∫
dĀ

(
κ (H − 2H0) 2 + 2κgG

)
. (3.1)

The first term in Eq. (3.1) represents the stretching energy, where uαβ = 1
2

(
gαβ − gαβ

)
is the strain

tensor, gαβ (gαβ) is the actual (target) metric tensor, dĀ =
√

det ḡdxdy is the target area element,

Aαβγδ is the elastic tensor, and summation over pairs of repeated indices is assumed. For an

isotropic material, Aαβγδ == Eh
1−ν2 (νḡij ḡkl + (1− ν)ḡikḡjl), where E is the Young’s modulus and
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ν is the Poisson ratio and gαγgγβ = δαβ . Moreover, the second term accounts for bending energy

with the mean curvature H , spontaneous curvature H0 and the Gaussian curvature G associated

with κ = Eh3/12(1−ν2) and κg = (ν−1)κ denote the bending and Gaussian rigidity respectively.

3.3.1 Autonomous oscillatory chemical reactions

Pattern formation is widespread in nature and our daily life, from the formation of animal skin

patterns to the design of material and robotics [72]–[75]. In particular, chemical pattern formation

is an important process in biology since it ensures the correct placement and development of tissues

within a body [76]. In general, pattern-forming systems can be classified into non-autonomous and

autonomous (self-organized) patterns. Non-autonomous systems respond to environmental clues

and signaling such as chemical gradients. Autonomous chemical patterns, on the other hand, are

formed by a complex reaction-diffusion system that involves an activator (autocatalytic chemical)

and an inhibitor that slows down the production of the chemicals, which are coupled via a diffusion

mechanism for both species [77].

One of the most paradigmatic cases of oscillating pattern formation in gels is the Belousov-

Zhabotinsky (BZ) reaction [47], [56], [78]. The BZ reaction is a catalytic oxidation reaction of

organic acid by bromate anion. The particular choice of the acid, the organic species or the catalyst

give rise to diverse variations of the BZ reaction that involves numerous elementary steps. In

the simplest form, the diffusion-reaction system consists of five coupled reactions with both an

autocatalytic and a negative feedback loop steps that can be accurately modeled by the time-space

Oregonator model [79], [80] (See section 3.6.1 Eqs. 3.5 - 3.7).
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du

dt
= εDu∆Mu+ u− u2 + fv

q − u
q + u

dv

dt
= ε(u− v), (3.2)

where u is the activator, denoting the concentration of the reactant and and v is the oxidized

form of the catalyst; and the dimensionless variables ε, q are defined through the rate constants and

the reservoir concentration. In addition, stoichiometric factor f depends on the organic chemistry

involved. Moreover, to ensure the existence of oscillations its value has to be in a certain range.

Finally, Du is the bromous acid diffusion coefficient (see Table 3.2). Note that we have taken into

account that oxidized catalyst v is moving together with the polymer gel [81].

3.3.2 Mechano-chemical shell dynamics

Following Ref. [66] we discretize equation (3.1) by triangulating the shell surface. We assume

overdamped Langevin dynamics and solve the set of first-order equations for the position of each

vertex ri and discrete metric of each triangle gαβ ,

γṙi = −∇riEelastic (gαβ, ḡαβ) + ηi (t) , (3.3)

ηi (t) ∈ R3 is random noise obeying 〈ηi〉 = 0 and
〈
ηmi (t) ηnj (t′)

〉
=
√

2γkBTδijδmnδ (t− t′)

with m,n ∈ {x, y, z}. Here, T is the temperature and γ is the friction coefficient, which we as-

sume to be constant. All the mechano-chemical coupling is modeled through the target metric ḡαβ ,

that depends on the chemicals (v) embedded in the shell. Equation (3.3) is integrated numeri-
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cally using standard first-order Euler-Maruyama discretization scheme keeping connectivity of the

triangulation fixed. Finally, equations (3.2) are integrated numerically using discrete exterior cal-

culus operators in space for triangular meshes and explicit discretization in time (see section 3.6,

Eq. 3.11).

3.4 Dynamic shell morphology by active-chemical growth

Active structural remodeling To understand how shell morphology is affected by chemical-

induced stresses we first investigate mechanical pattern formation given by a conformal active

remodeling step,

ḡαβ = Mḡαβ,t=0, (3.4)

where M is the growth ratio (Fig. 3.2); in this way, the strain field is generated on the shell and it

buckles when the shell volume is kept constant. For small M , the shells have spherical shapes with

no apparent morphological changes. As the target area increases, however, the shells are under

extensive compression where the elastic energy is accumulated until the symmetry is broken and

the residual stresses are released by the formation of folds and wrinkles [66], [82]. The undula-

tion wavelength is proportional to the thickness, which scales as the ratio of bending rigidity to

stretching rigidity.

Oscillatory mechano-chemical coupling. The previous example provides a clear path of how

to control morphological changes by induced strain fields. In chemo-responsive polymeric shells,

such changes are autonomously controlled by the covalent nature of the catalyst v bound to the

polymer gel [47], [51], [56]. As the chemical process changes v, the free energy of the hydrogel

changes instantaneously, thereby creating an instantaneous stress on the material. This chemically

induced stress is then gradually released by the surrounding solvent as the solvent molecules are
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Figure 3.2: An illustration of morphologies a spherical shell of thickness h and radius R as a
function of the growth ratio, M (Eq. 3.4). The morphologies are minimum energy (Eq. 1)
configurations that are calculated by gradually increasing M while keeping the total volume fixed.
For small M , the shells maintain their spherical shape, however, as the growth ratio M increases,
the accumulated elastic energy of the shell (inset figure) is released and the shell buckles to form
wrinkles on its surface. The color scheme of the plots represents the local mean curvature with
negative value on the concave faces and positive on the polyhedron edges. The inset figure plots
total elastic energy, Eelastic as a function of M for various shell thicknesses. The sharp kink in the
plot represents the buckling point.
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shell area (A/A0) as a function of time. The plot depicts the direct correspondence between the
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Figure 3.4: Heterogeneous shell dynamics with fast diffusive chemical reaction. A. Schematic
polymeric shell with non-uniform thickness h. The spherical shell buckles inward as the polymers
become more hydrophilic. B. A comparison of buckling observed experimentally (left, pictures
obtained from Ref. [56]) with simulation results (right). The colors of the shell denote the value
of catalyst concentration, where yellow means oxidized state and orange represents reduced state
[56]. C. Plot of the catalyst concentration (v) and shell asphericity (〈∆R2〉/〈R〉2) as a function of
time. The plot demonstrates the time delay between the increase in v and the mechanical buckling.
D. A representation of stress distribution as a function of the polar angle. The shell is under
compression with negative stress and tensile with positive stress. The grey lines denote the stresses
from time t = 200 to t = 260 with increment dt = 2, and the colored lines are representatives of
the second cycle undergoing the buckling transition.
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sucked into/out of the material. This leads to changes in the volume of the active gel. Upon solving

the model for an unconstrained hydrogel disk we find that for small variations of the catalyst v the

changes in the target metric can be expressed as an affine transformation where the growth ratio

M(t) = 1 + αv(t) with α a material constant that accounts for the intrinsic properties of the

hydrogel such as its cross-link density and the interaction energy of the catalyst v with the solvent

(see section 3.6.2). This comparison with the results of a hydrogel modeled as in references [47]–

[49], reveals that the linear approximation for the growth ratio M holds for gels with Young’s

modulus E & 10kPa (see Fig. 3.7). For the purpose of simulations, this exercise allows us to

remodel the physics of chemically active polymer gels as an affine transformation. Therefore, this

method allows us to study complex systems with relative ease.

A

B

   L
ocal area change  C

hemical reaction

50 80 180 220 250 350
time/τ

Figure 3.5: Geometrical feedback from local changes in the area. A. If the number of molecules
remains fix N , but the area increases, then the chemical concentration gets diluted, given that c =
N/Area. Deviation from the steady-state of the chemicals can trigger the mechanism of reaction
in the Oreganator model. B. Even random deformations can give rise to oscillatory patterns for a
close shell due to local area changes.
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Similarly to actomyosin contraction in cardiac muscles driven by calcium oscillations [83],

[84], BZ reactions can induce swelling-deswelling beating by periodic oxidation and reduction of

catalyst. The average u, v concentration profiles as a function of time are plotted in Fig. 3.3A,

where the concentration of reactant u and catalyst v periodically oscillate around their stable value

u∗ and v∗. By coupling the target metric with v, we find in the oxidized state, the shell hydrates

due to an increase in the catalyst net charge [50]. Conversely, when the catalyst v is reduced, the

shell starts to shrink inducing swelling-deswelling beating waves, see Fig. 3.3B. Note that the shell

is subject to a volume penalty (see [7, SI Appendix, section S3C]) to account for the low solvent

permeability of the shell.

Interestingly, recent experiments have found swell/deswell and buckling/unbuckling oscilla-

tions in synthesized polymersomes, which are cross-linked polymeric shell composed of the cat-

alyst segment and the hydrophilic segment [56]. It is clear that stresses generated by chemical

remodeling in a uniform shell are not enough to explain autonomous buckling/unbuckling oscilla-

tions shown in the chemo-responsive experiments [56]. Here, we propose that heterogeneities in

the shell thickness can justify such behavior. To prove our hypothesis, we spatially varied the shell

thickness (Fig. 3.4A) to account for shell design imperfections in real experiments. In agreement

with polymersome experiments [56], we observe buckling-unbuckling oscillations consistent with

changes in the catalyst concentration (Fig. 3.4B). The shape oscillations can be understood as fol-

lows. As the catalyst concentration increases from its minimal values (t = 187→ 200, Fig. 3.4C)

a strain field generated by changes in the degree of hydration and the shell starts to build-up resid-

ual stresses (Fig. 3.4D). For values of the catalyst larger than v = 0.16 the degree of hydration is

such that the shell swells releasing the residual stresses built and consequently buckles (Fig. 3.4D

in red). In addition to the morphology with a single buckling point (Fig. 3.4B), we also find mul-

tiple buckling seeds as we increase the thinnest thickness of the shell. In this case, two concave
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buckling sites are observed in the first cycle, which slowly converge to one buckling point (see [7,

SI Appendix, Fig. S2]). The result is consistent with the recent colloidosome experiment, where

multiple buckling and moving buckling points are observed analogous to biological cells [85].

Compared to the equilibrium case, we find the moving buckling points are likely introduced in the

deformation pathway as a kinetic process, where the relaxation time is not sufficient to release the

internal stress.

Geometrical feedback In addition, shell deformations give rise to fluctuations in the catalyst

concentration (Fig. 3.5) which can be understood by two main contributions: changes in the local

area and the curvature. Changes in the local area modify the chemical concentration (Note that

concentration c is defined by c = N/Area, where N is the number of molecules) as illustrated

in Fig. 3.5A. As the local area grows, the chemical concentration (v) is diluted below the steady

value (v∗) and the chemical reaction is triggered hereon. To test this geometrical feedback, we

introduce a small random force on the shell and investigate how area changes give rise to chemical

patterns (Fig. 3.5B). We observe that even the smallest amount of changes in the area can trigger

significant deviation from v∗, provoking the onset of the chemical reactions. Since our approach is

based on approximations for thin sheets, the chemical dilution due to the changes of thickness is

not considered here. However, other curvature effects (such as the mean curvature) are considered

within the Laplace operator in curved spaces [86]. We note, however, the feedback from the

curvature is small compared to the contribution from area changes.

Material design through mechano-chemical coupling

Now that we have established the foundation for mechano-chemical coupling in polymer shells, we

focus on possible material design [87]. With that intent, in this section, we explore the possibility
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Figure 3.6: A-E. The shell morphology dynamics with different diffusion coefficients and sto-
ichiometric factor f . The colors represent the catalyst concentration: blue when the polymer is
oxidized and orange in a reduced state. The shell is first relaxed with respect to a stable value
of catalyst concentration v∗, followed by a mechanical press. The initial deformation of the shell
causes the chemical dilution and generates the reduction wave from the top and the oxidization
wave from the bottom. The overall wave directions are opposite for f = 0.6 and f = 1.0, leading
to a mushroom shape or exocytosis dynamics. The patterns in the boxes periodically appear with
schematic illustrations of the thickness shown on the right. F. The schematic figures to illustrate
the thickness distribution of the shells marked in the green boxes.
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of multi-responsive materials as a mechanism for generating functional morphological shapes. We

consider an in silico material with chemical thickness response of the form h(r, t) = h0 + ζ v(r, t),

where h0 and ζ are chosen so the minimum thickness of the polymer shell is hmin = 0.1a and the

maximum hmax = 1.0a, with a the length unit.

First, we investigate the possibility of generating self-adapting materials by exploring how the

shell can mobilize the reactants. We find that the best way to do it is by mass-transfer effects, that

is, by changing the ratio of bromide ion to the catalyst ions during the malonic acid oxidation step;

or by changing how fast the bromous acid is replaced via the diffusion process. In other words,

by changing the stoichiometric factor f or the diffusion coefficient Du in the reduced system of

equations given in Eq. 3.2.

The computational experiment starts by establishing a stable chemical concentration of v∗.

Then we introduce a local shell deformation by pipette-pressing the shell, t = 0 in Fig. 3.6. The

local mechanical changes of the shell generate a chemical concentration gradient in the north and

south poles of the shell due to a dilution introduced by the expansion of the material.

As the reaction evolves, two primary waves are generated, a reduction wave from the north

pole and an oxidization wave from the south pole. The two waves travel oppositely and meet at a

counter-line (Fig. 3.6A). For f = 0.6, the reduction wave out-speeds the oxidation wave (t = 100),

and the combined wave moves downwards until the whole shell is under a reduced state (t = 180).

Immediately after, the shell rapidly develops an oxidization wavefront generating local thickness

gradients, inducing a mushroom-like morphology with negative Gaussian curvature (t = 220). As

the wavefront approaches the south pole the shell is compressed accumulating a large concentration

of chemicals that generates a quick wave response that moves the deformation to the north pole

(t = 370). As f increases (Fig. 3.6B) the oxidization wave out-competes the reduction wave and

pushes the counter-line upwards. The overall wave moves oppositely from bottom to top, forming
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a periodic exocytosis morphology. As the diffusive mass-transfer effect increases (Fig. 3.6C-D)

the deformation weakens for both f = 0.6 and f = 1.0, increasing the resistance to hydration

effects and therefore its adaptability. At even larger Du = 100a2/τ , the mechanical relaxation

time is longer than the diffusion time scale, and the shells converge to the homogeneous state.

Lastly, we investigate the coupling strength (α) on the shell morphology. For large values of α a

bowl-like shape is observed throughout the chemical cycles without recovering its initial spherical

morphology. We hypothesize that this is due to the high penalty of volume change assigned to

the shell. As the shell swells, larger pores are expected that can temporarily increase the shell

permeability to the solvent [88]. However, due to the complexity of the problem, the changes in

permeability are not considered in this work.

3.5 Discussion

In this article, we study autonomous gel membrane dynamics in closed shells triggered by periodic

reduction-oxidation reactions. In particular, we focus on autonomous reduction-oxidation reac-

tions where one of the components is immobilized into the shell modifying the microenvironment

allowing for swelling and deswelling responses.

Our model is an extension of the reference metric remodeling approach used for thin elastic

plates [65], [66] to account for chemo-mechanical feedback-loops. Using the two-fluid model

approach [47]–[49] we relate the target metric changes to the response of polymer gels to chemical

reactions. Using this approach we find that experiments in polymeric shells [56] can be explained

by a small variation in the gel thickness (Fig. 3.4). In addition, we incorporate the chemical

concentration changes due to mechanical deformations. We note that this approach differs from

other thin shell models [89], [90] that do not account for the geometrical feedback into the chemical

response. However, the three-dimensional (3D) membrane gel model does consider mechanical
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feedback in hydrogels [91], [92]. We find that mechano-chemical feedback loops are important to

generate autonomous patterns (Fig. 3.5).

Lastly, we investigate future material design by coupling the material properties to the chemi-

cals. We find that in silico multi-responsive materials can generate a wide variety of shapes in re-

sponse to mechanical perturbations through changes in the chemical concentrations (Fig. 3.6C-D).

Our work inspires the design of mechanical stimulated materials [93], [94] and responsive shells

to enhance the functionality of micrompartements [95] and of nanoreactors [96] that enhance cat-

alytic activity. For example, one could in principle design catalytic microcompartments that can

expand and contract to absorb or release components at a specific frequency that is favorable for

processes that happen inside of the microcompartment.

3.6 Supplementary Information

3.6.1 BZ reaction

The kinetics of the BZ reaction can be understood by the mechanism of Field, Koros, and Noyes

[97] (FKN) model with tens of essential steps responsible for the oscillation. Field and Noyes have

reduced the reactions to five essential steps, called Oregonator model which can be written as [79],

[80]

BrO –
3 + Br– k1 HBrO2 + HOBr

HBrO2 + Br– k2 2 HOBr

BrO –
3 + HBrO2

k3 HBrO2 + 2 Ru(bpy) 3+
3

2 HBrO2 + Ru(bpy) 3+
3

k4 BrO –
3 + HOBr

BrMA + Ru(bpy) 3+
3

k5 fBr–,
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where k1-k5 are the rate constants with value described in Table 3.1 [98], [99]. The dimension-

less rate equations can thus be written as [80]

ε
du

dt
= qw − uw + u− u2 (3.5)

dv

dt
= u− v (3.6)

ε′
dw

dt
= −qw − uw + fv, (3.7)

where u, v and w are the dimensionless variables denoting the concentration of the reactant

[HBrO2], the oxidized catalyst [Ru(bpy) 3+
3 ] and the bromide [Br–]. The dimensionless variables ε,

q are defined through rate constants and reservoir concentration q = 2k1k4
k2k3

, ε = k5[B]
k3[A]

, where [A]

and [B] are the concentration of bromate [BrO –
3 ] and organic species [BrMA] respectively, and f

is the stoichiometric factor lies in the region (0.5, 1.0). Due to the short time scale of Eq. 3.7,

w can be replaced by its stable value with w = fv
q+u

, and thus the Eqs. 3.5-3.7 can be further

simplified as shown in eq. 3.2 where we have included the diffusion of u on the two dimensional

manifold; the diffusion of v is not considered based on the fact that catalysts are anchored on the

polymeric shell. In the simulations, we chose [H+] = 0.7M, [A] = 0.2M, [B] = 0.025M based on

recent experiments [56], [81], which defines the parameters ε = 0.018 and q = 0.0008. We note

that in our simulations we used q = 0.008 instead due to the high-cost of computing time, where

the morphology dynamics remains unchanged.

3.6.2 Target area growth calculation

The total free energy density of a chemically active polymer hydrogel is given by Utot = Uelastic +

Umix + Uchem. Terms Uelastic and Umix are given by eq. 1.25 and eq. 1.26 respectively. The term
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Table 3.1: Rate constants in BZ reaction.
Rate Constant Value

k1 2 M−3 · s−1 · [H+]2

k2 106 M−2 · s−1 · [H+]
k3 10 M−2 · s−1 · [H+]
k4 2× 103 M−1 · s−1

k5 1 M−1 · s−1

Uchem that models the chemical process is essentially the same as Uphoto described in chapter 2 but

for the sake of clarity Uchem is defined here again as [47]–[49]

Uchem =
kBT

vm
[λvc (1− φ)] , (3.8)

where λ is a coupling coefficient and determines the extent of swelling/shrinking caused due to

the chemical reaction. A positive value of λ causes the hydrogel to shrink and a negative value

leads to swelling. vc is the normalized concentration of the chemical species that changes the

hydrophobicity/hydrophilicity of the hydrogel.

The constitutive model was solved using COMSOL’s hyperelastic material module. To under-

stand the growth of the material with changing vc, we plotted the growth ratio (M ) of a hydrogel

disk as a function of increasing chemical concentration vc for various values of gel’s elastic stiff-

ness (Fig. 3.7). We initialized our hydrogel disk (at vc = 0) to be in equilibrium with the solvent

bath and then gradually increased vc while tracking the steady state volume of the swelling disk.

The λ parameter in the Uchem term is held constant for the finite element calculation.

It can be seen from Fig. 3.7 that for the comparatively stiffer gels, the growth ratio M becomes

more linear with respect to increasing vc. Therefore, for small changes in vc, the growth ratio M

can be assumed to be a linear function of vc, that is, M = 1 + α vc and the slope α changes as the

stiffness of the material changes. Similarly, α also differs for different values of the λ parameter.
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Figure 3.7: Plot of the growth ratio M as a function of vc. The plot demonstrates that for small
variations in vc the growth is almost linear especially for gels with Young’s modulus E & 10 kPa

.

The finite element calculations can be used to quantitatively calculate the dependence of α on the

intrinsic parameters of the hydrogel.

For the purpose of the simulations (Fig. 3.7), we chose the value of λ = 0.02 and Nx =

105 (E = 4 kPa), 7× 104 (E = 6 kPa), 3× 104 (E = 14 kPa) and 104 (E = 40 kPa). The value

of the Flory-Huggins interaction parameter χ was calculated using the equation 2.9 where we used

a value of φ0 = 0.05. We note that in the main text simulations we choose α = 1.0 for λ = 0.15

and Young’s Modulus E = 1 MPa, where thermal fluctuation effects on the shell morphology are

minimal. In the case of soft gels, we find that thermal fluctuations are important when the diffusion

coefficient of the chemical reaction is small such as the values used in figs. 3.6A and 3.6B.
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3.6.3 Discretization

Discrete model of thin shell elasticity

We discretize the shell to triangular lattice with the stretching energy written as

Es =
1

8

∑
T

Eh

1− ν2

√
ḡ
[(
Tr[ḡ−1g − I]

)2
+ 2(ν − 1) det[ḡ−1g − I]

]
, (3.9)

where ḡ (g) is the target (actual) metric of the discretized triangle and I is the identity matrix. E

and h are the 3D Young’s modulus and thickness of the shell, respectively, and ν = 1
3

is the Poisson

ratio. For a homogeneous growing shell, the stretching energy and force can be estimated with the

mesh triangle angles preserved where Eh
s = 1

4
Eh
1−ν
∑

T
∆A2

Ag
and F h

s = Eh
ν−1

4π
Nv

r2−r2g
r2g

−→r , with Nv the

total mesh vertex number, and r (rg) the actual (target) radius of shell (see [7, SI Appendix, section

S3A] ). With stretching energy dominant, the shell is relaxed to release the stress with relaxation

time (1−v)γNv

8πEh
, which is inversely proportional to the Young’s modulus.

The bending energy can be discretized using Itzykson discretization [100], with

Eb =
∑
j

(
1

2
κj (Hj − 2H0)2 + κgjGj

)
Aj, (3.10)

where Hj = sign
Aj

∣∣1
2

∑
T (cotθlrjk + cotθkrjl)

∣∣ and Gj = 1
Ai

(2π −
∑

T θi) are the mean curvature

and gaussian curvature of vertex j, respectively. Aj = 1
8

∑
T (cotθlrjk2 + cotθkrjl2) is the dual-

lattice area of vertex j, κ = 1
12

Eh3

1−ν2 and κg = (ν − 1)κ are the bending rigidity and gaussian

bending rigidity correspondingly. T is the neighbor triangles of vertex j and θj is the angle of

vertex j on triangle T .
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Chemical reaction

The chemical reactions (Eq. 3.2) are evolved on the shell by explicit time integration following the

procedure

Un+1 = Ac(U
n + dtDU∆MU

n + dtF (Un)), (3.11)

where the Laplace-Beltrami operator (∆M ) is implemented through DEC method [101] and the

chemical concentration is rescaled by the vertex area fraction Ac =
√
gn/
√
gn+1 [102], see [7,

SI Appendix, section S2] for more details. DU is the diffusion coefficient of chemical U . At

each time step, we couple the target metric to the catalyst concentration (v) with ḡαβ = (1 +

α v(r, t))ḡαβ,t=0 following the fact that the target metric is modified subject to the hydrophilicity

change of polymers, where α is the coupling coefficient depending on the intrinsic properties of the

hydrogel. A detailed discussion about the growth ratio is shown in section 3.6.2 using gel theory,

which is linearly dependent on the catalyst concentration at a small amount of chemicals changes.

In the simulation system, the BZ chemical reaction is measured in units of τ = 1/(k3[A]) where

k3 is a rate constant and [A] is the concentration of a chemical substrate. The thickness and radius

of the shell are measured in units of a and the elastic relaxation has time unit τelastic = γ/(Ea),

which is significantly small compared to the chemical reaction. The quantity and units of the other

parameters are shown in table 3.2.
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Table 3.2: Quantities used in the simulations
Symbol Description Value in real units

a system length unit 1 µm
h shell thickness 0.1 µm
R shell radius 10 µm
E 3D Young’s Modulus 1 MPa = 2.433× 108 kBT/µm3

γ friction coefficient 0.02 Pa µm s=4.866 kBT · s/µm2

τ chemical time unit
(

1
k3[A]

)
1.4 s

τelastic elastic time unit ( γ
Ea

) 2× 10−8 s
T temperature 298 K
Du diffusion coefficient of chemical u 1× 103 µm2/s
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CHAPTER 4

FAST AND PROGRAMMABLE LOCOMOTION OF HYDROGEL-METAL HYBRIDS

UNDER LIGHT AND MAGNETIC FIELDS

4.1 Abstract

An enormous challenge for science is the design of soft matter in which internal fuels or an exter-

nal energy input can generate locomotion and shape transformations observed in living organisms.

Such materials could assist in productive functions that may range from robotics to smart manage-

ment of chemical reactions and communication with cells. In this context, hydrated matter that can

function in aqueous media would be of great interest. We report here on the design of hydrogels

containing a scaffold of high aspect-ratio ferromagnetic nanowires with nematic order dispersed in

a polymer network that change shape in response to light and experience torques in rotating mag-

netic fields. The synergistic response enables fast walking motion of macroscopic objects in water

on either flat or inclined surfaces and also guides delivery of cargo through rolling motion and

light-driven shape changes. The theoretical description of the response to the external energy input

allowed us to program specific trajectories of hydrogel objects that were verified experimentally.

This chapter is primarily based on the published work [6] of Chuang Li, Garrett C. Lau, Hang Yuan, Aaveg
Aggarwal, Victor Lopez Dominguez, Shuangping Liu, Hiroaki Sai, Liam C. Palmer, Nicholas A. Sather, Tyler J.
Pearson, Danna E. Freedman, Pedram Khalili Amiri, Monica Olvera de la Cruz and Samuel I. Stupp, with extended
and modified details.
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4.2 Introduction

The design of hydrated soft matter that responds to external stimuli with motion and shape changes

inspired by living organisms remains an enormous scientific challenge. Design of hydrated struc-

tures and mechanisms to achieve this objective may be eventually useful for the development of

materials with locomotive capacity for novel aqueous chemistry or to augment the functions of

living systems [53], [103], [104]. Pursuing this objective with magnetically actuated soft matter is

particularly attractive since magnetic fields can safely penetrate most materials, including biolog-

ical matter. In previous work it has been shown that magnetic fields can remotely bend metallic

backbones and induce walking [105], activate locomotion of particle filaments [106], [107], and

induce motion of elastomeric materials that contain ferromagnetic components [5], [21], [108]–

[110]. In these elastomeric materials, specific patterns of magnetization and object geometry were

generated by various fabrication techniques. However, once these samples have been prepared,

the responsive magnetization profile is static and cannot be reconfigured in the absence of a mag-

netic field. The magnetic components widely used in previous work were spherical and irregularly

shaped magnetic particles (such as iron oxide and NdFeB) that lack magnetic anisotropy [5], [21],

[109], [110], and thus require a high loading of magnetic material or the use of strong fields to

activate significantconsiderable responsiveness. The matrices used to embed these particles have

been hydrophobic polymers [111], elastomers [5], [21], or particles were supported on rigid sili-

con nitride membranes [108]. Hydrogels offer the possibility to function in water and also have

the capacity to exchange fluids with aqueous environments [112]. Previous work on macroscopic

hydrogels has shown bending, walking or swimming behavior activated by light [1]–[3], thermal

[4], chemical [8] or electrochemical stimuli [113], but all of these systems display slow actuation

kinetics for locomotion unless they were scaled down to the micrometer scale [114]. Incorporation
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of functional nanoscale components into hydrogels provides a powerful strategy to generate emer-

gent properties and performance [115]–[117]. By incorporating high aspect-ratio Ni nanowires

into a photoactive hydrogel, we report here on the development of anisotropic hydrogel–metal

hybrid materials that are actuated by magnetic fields after exposure to light that also remain re-

configurable by light to alter their magnetic response. We theoretically predict the response of the

hybrid objects to light and magnetic fields enabling the programming of their trajectories under

water and gait on the fly.

In addition to magnetically driven actuation described above, light as a stimulus is also useful

since it can be delivered to synthetic matter remotely and potentially in localized fashion [118].

Previous investigators have incorporated different photoactive components such as photothermal

agents [111] and molecular photoswitches [119] into hydrogels to fine-tune their chemical and

physical properties. Molecular photoswitches are unique because they can be wavelength-selective

and reversibly reconfigure conformations upon irradiation. Recent examples of light responsive

materials include polymer films containing cis-trans azobenzene switches [22] and hydrogels based

on spiropyran chemistry [2], [3], [23], [39] or molecular motors [24], [25]. Soft materials capa-

ble of responding to both light and magnetic fields can initiate the exploration in soft matter of

the multisensory interactions we observe in living organisms [111]. In this work we designed

and synthesized hydrogel objects that perform distinct tasks with remote control over geometry,

stiffness, and magnetization using a combination of light and magnetic fields. The samples are

prepared by incorporating aligned high-aspect-ratio ferromagnetic nanowires into a photoactive

hydrogel matrix that is capable of changing shape in response to light. Macroscopic bending of

the hydrogel upon light irradiation deforms existing magnetization profiles which results in com-

plex three-dimensional magnetization that leads to programmable actuation. These hydrogels can

perform functions such as walking, steering, climbing, and delivering cargo under the control of
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an external magnetic field and light. Furthermore, small changes in the chemical structure of these

systems change the kinetics of light response and thus provide access to a broader range of actuat-

ing behaviors.

4.3 Design of the dual-responsive hydrogel-metal hybrid

4.3.1 Synthesis

To synthesize the hydrogel–metal samples, nickel (Ni) nanowires were added to a solution con-

taining monomers, crosslinking agents, initiators and a polymerizable photo-switching spiropyran

monomer in order to create a light-responsive crosslinked network (figs. 4.1A and see [6, fig. S2

and methods] for synthetic details ). Under dark and acidic conditions, the photoswitch contains a

hydrophilic protonated merocyanine (MCH+) moiety that isomerizes to a hydrophobic spiropyran

(SP) form upon exposure to visible light. This isomerization with light exposure results in con-

traction of the hydrogel due to dehydration, followed by expansion under dark conditions. The

ferromagnetic nanowires were aligned under a static magnetic field and then fixed in this config-

uration by free-radical photopolymerization of the light-responsive hydrogel (fig. 4.1A, 4.1B and

[6, figs. S3-4]). Small angle x-ray scattering (SAXS) confirmed the alignment of the nanowires,

as shown by the radial integration of a 2D scattering intensity plot (fig. 4.1C). We measured a

remnant magnetization of 260emu/cm3 parallel to the alignment of the nanowires and the coer-

cive magnetic field required to reverse the magnetization of the sample was found to be 25mT

(fig. 4.1D). This is a 1.9-fold enhancement in the coercivity over bulk nickel (13 mT) [120], high-

lighting the utility of the shape anisotropy derived from the nanowire architecture (∼ 8µm long

on average and 200 nm in diameter). In comparison, magnetization loops measured perpendicular

to the alignment direction were noisy and exhibited a much lower magnetization, demonstrating

the magnetic anisotropy of the composite material. Samples containing randomly oriented Ni
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nanowires did not show any macroscopic magnetic anisotropy [6, fig. S5]. Also, when spherical

Ni nanoparticles formed chained clusters during photopolymerization under a magnetic field, we

did not detect any anisotropy since each individual particle can rotate to align its magnetization

with the field [6, fig. S6]. The magnetic anisotropy of the Ni nanowires was also confirmed by

superconducting quantum interference device (SQUID) magnetometry with a rotating stage [6, fig.

S7]. This indicates that the shape of Ni nanowires is a critical structural feature responsible for the

anisotropic magnetic properties of the Ni-hydrogel composites.

4.3.2 Response to light

The as-prepared hydrogel materials were soaked in acidic water for 40 min to obtain an equilibrated

swollen state prior to photo-actuation experiments in a large water bath (∼ 100 mL) that contained

5 mM HCl. Upon light exposure, this swollen state underwent a shrinkage to 84% of its original

volume [6, fig. S8]. Since the actuation occurs in acidic water, the SP1 hydrogel is capable of

sequential actuation cycles that did not require additional HCl preconditioning. We found that the

flat hydrogel object bends towards the light source upon irradiation from one side and recovers

its original flat geometry in the dark. This bending–flattening process is highly reversible, and

the hydrogel could maintain its photoactivity with the same maximum bending angle over at least

ten cycles by switching the light on and off [6, fig. S9]. Fig. 4.1E (left) shows the calculated

water concentration gradient within a hydrogel after exposure to light based on the material model

discussed in section 4.4.

4.3.3 Response to magnetic field

The deformed light-induced bent geometry leads to a nonuniform 3D magnetization profile of the

magnetic nanowires (indicated by the magenta arrows) with respect to the applied magnetic field.
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This change enables the arch-shaped hydrogel to respond to a spatially uniform external magnetic

field Bext, but remains completely unresponsive in its flat state. Thus, the span of the arch-shaped

hydrogel can be increased or decreased by simply applying a static magnetic field parallel or anti-

parallel to the nanowires’ alignment direction (fig. 4.1E, right).

4.4 The continuum model of the dual-responsive hydrogel-metal hybrid

The dual-responsive hydrogel has two components i.e. a photo-responsive component due to the

presence of spiropyran photoswitches and a magneto-responsive component due to the presence

of nickle nanowires. The continuum model used to analyse the photoactivity of the spiropyran

hydrogel has been extensively discussed in chapter 2 of this thesis. Here, we will build on top of

that model and discuss the implications of the presence of nickle nanowires in the hydrogel.

Firstly, the presence of nickle nanowires makes the elastic response of the hydrogel anisotropic

as the wires are all aligned in the same direction. The hydrogel will be stiffer along the direction of

the fibers compared to the direction perpendicular to the fibers. In order to describe the anisotropic

elastic response of the hydrogel, we assume that the hydrogel is transversely isotropic and its elastic

response can be described by the standard reinforcement model [121]. Then, corresponding elastic

energy density function can be written as:

Ureinforced =
1

2
G

(∑
i

λ2
i − 3

)
+

1

2
γG(A.CA− 1)2 (4.1)

where G is the shear modulus; γ is a stiffness parameter which characterizes the reinforcement

(γ > 0) [122]; A is the direction of the nanowires and C is the right Cauchy-Green tensor. Notice

the first term is the same as Uelastic described in chapter 1 eq. 1.25 and the second term can
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Figure 4.1: Hydrogels designed for coupled response to light and magnetic fields. (A) Schematic
of Ni nanowires aligned and fixed within a hydrogel network containing photoactive SP moieties
using a uniform magnetic field during free radical photopolymerization. (B) Schematic represen-
tation of aligned Ni nanowires (gray) immobilized in a hydrogel network (yellow). (C) Radial in-
tegration of 2D SAXS pattern (inset) revealing the macroscopic alignment of Ni nanowires within
the hydrogel. (D) Magnetization loops parallel and perpendicular to the alignment axis of the
nanowires. (E) Finite element calculation of the water concentration gradient and deformation in
a slab of hydrogel exposed to light (left); finite element calculation of deformation as a result of
magnetic field exposure in a hydrogel slab previously bent by light (right). Magenta arrows denote
the magnetization of Ni nanowires; blue arrows indicate the direction of the external magnetic
fields; dashed arrows represent the movement of both ends after applying magnetic fields; rainbow
surface colors represent the deformations relative to its initial configurations (shaded regions).
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henceforth be labeled as Uaniso i.e.

Uaniso =
1

2
γG(A.CA− 1)2 (4.2)

Therefore, the total free energy of the hydrogel material in the absence of magnetic field is now

given by U = Uelastic + Umix + Uphoto + Uaniso (eqs. 1.25, 1.26, 2.7 and 4.2).

Second implication of having nickle nanowires embedded into the hydrogel is that it makes the

hydrogel responsive to magnetic field. An external magnetic field induces local torques since Ni

nanowires prefer to align with the field. Given that the nanowires are immobilized by the hydrogel,

these magnetic torques transmit stresses that collectively result in macroscopic deformation of the

material. The free energy density function of the fiber-reinforced magneto-elastic materials is

given by

Umagneto−elastic = Uelastic + Uaniso + Umag (4.3)

where the term Umag is given by

Umag = − (FM) · B (4.4)

Here B is the magnetic flux density; F is the deformation gradient tensor and M is the magne-

tization of the material in the reference configuration. Notice that the magneto-elastic model used

for the hydrogel does not contain the Umix term. This is a reasonable approximation because over

the small time scales of magnetic actuation, no (or very little) fluid leaves the hydrogel (which is

a much slower process), thereby making the Umix term of the hydrogels free energy a constant.

Therefore, Umix does not contribute to the total stress on the material. Since the time scale over

which the geometry deforms due to light (∼ 5-10 minutes) is much larger than the time scale for
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deformation due to magnetic field (∼ 1-2 seconds), we can treat the photo-responsive and magneto-

responsive natures of the hydrogel independently. This allowed us to solve the model of the dual

responsive hybrid metal-hydrogel in two steps. We first used the photo-responsive hydrogel model

with reinforcement to calculate the light induced deformed geometry and then used this resultant

geometry as the input shape for the magneto-elastic model (eq. 4.3).

The magnetic energy term Umag corresponds to the magnetic stress tensor σmag = 1
J

∂Umag

∂F FT .

This model demonstrates a clear coupling between light and magnetic actuation via elastic defor-

mation. With light exposure, the light propagates through the hydrogel and creates differential

shrinking, which induces macroscopic deformations (F) of the hydrogel and enables the light actu-

ation. Since the Ni nanowires are trapped within the hydrogel, the elastic deformation will change

the spatial orientation of Ni nanowires (FM). This change in Ni nanowire orientation ultimately

modifies magnetic actuation (σmag). In this model, the nickel nanowires move with the hydro-

gel without slipping and the higher order energy contributions in B to the free energy density are

ignored [21]. The strength of external magnetic field stays in the linear response region of Ni

nanowires [6, fig. S10] and all elastic parameters are calibrated from experimental measurements

[6, fig. S11]. This continuum model was solved using the finite element method and the implemen-

tation details are discussed in Appendix A. This provides a quantitative analysis for the dynamic

behavior of the hydrogels in magnetic fields.

4.5 Programmed walking and steering motions

To develop robotic functions, we prepared cross-shaped hydrogel films containing aligned Ni

nanowires (fig. 4.2A). The film thickness was fixed around 0.5 mm to obtain an optimal pho-

toisomerization speed and deformation stability based on our previous results [39]. After light

irradiation, the flat sample bends up as an object with two walking legs (w1, w2) and two stabiliz-
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ing arms (s1, s2) (fig. 4.2B). The alignment of the wires within the object creates an anisotropic

mechanical response, and therefore, the span between w1 and w2 (see front view) is larger than

that between s1 and s2 (see side view). We calculated photo-actuation of these samples using the

model described before and generated the green wireframes shown in fig. 4.2B. The wireframes

overlap exactly with the actual bending geometry of the hydrogels, observed from both front and

side views, suggesting clear agreement between the calculated and actual light-induced deforma-

tion observed in the photographs. It is therefore possible to exploit this mechanical anisotropy [6,

figs. S13 and S14] caused by the aligned Ni nanowires to modulate photo-actuation in hydrogel

samples with simple geometries such as squares [6, fig. S15]. We found that when the hydrogel-

metal hybrids are illuminated and bent by the light, a nonuniform 3D magnetization profile is

established that enables walking under the influence of an external rotating magnetic field (Fig.

4.2C and [6, movie S1]). As a control, samples containing unaligned Ni nanowires or aligned

chains of Ni nanoparticles exhibited minimal movement under the same magnetic field and were

not capable of walking [6, fig. S16]. The average magnetization (purple arrow) and the external

magnetic field (blue arrow) lie within the y-z plane, and the magnetic torque density is given by

τmag = FM/J×B. Therefore, only the x component of the magnetic torque is a nonzero quantity.

The rotating magnetic field in the y-z plane generates an oscillatory x component of the magnetic

torque that causes the objects to rotate alternately clockwise and counterclockwise around the x

axis (perpendicular to the walking direction) (fig. 4.2D). Because of the combination of magnetic

torque and gravity, the object lands on its front and back legs in alternating fashion (fig. 4.2C). Our

model assumes that the friction between the legs and the floor is large enough to avoid slippage

during walking (see section 4.5.1 for the boundary conditions used in finite element calculations).

Magnetoelastic coupling results in a periodic change in the hydrogel’s leg span (distance between

w1 and w2) (Fig. 4.2 D and E), which enables the net displacement of the hydrogel along the
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y axis. Furthermore, longer side arms were found to be important in stabilizing the hydrogel’s

movement and optimizing its lift during walking because of a larger magnetic torque [6, fig. S17

and movie S2]. Also, the walking speed was found to be faster with higher frequencies (0.3 to 0.7

Hz) or stronger magnetic fields (11.5 to 16.0 mT) (fig. 4.2F). With a fixed frequency (0.7 Hz) and

field strength (14.5 mT), it was possible to achieve walking over macroscopic distances (∼53 mm)

(fig. 4.2G) and reduction of the hydrogels to millimeter-size scales did not change the mechanism

of motion [6, movie S4].

The hybrid hydrogels can also achieve steering motion in arbitrary directions while walking

along the x-y plane by controlling the applied magnetic field to produce an additional torque in

the z direction (i.e., normal to the walking plane). Using simulations, we predicted that the objects

could turn 90° in 30° increments (fig. 4.3A) by programming the applied field in the x, y, and z

directions to achieve the required torque (fig. 4.3, B and C). The predicted motion using simula-

tions was observed experimentally as shown in fig. 4.3A. The two modes of motion (walking and

steering) allow our hydrogel sample to reach any arbitrary destination on a 2D level or inclined

surface. Figure 4.3D shows a designed arbitrary path with multiple turns, and Fig. 4.3E shows

its corresponding experimental realization [6, Movie S6]. We therefore conclude that the experi-

mental samples of these materials can have robotic functions, which in this case involve following

continuous paths over macroscopic distances.

4.5.1 Contact boundary conditions

The complete analysis of the contacts between the hydrogel robot and the floor requires the simula-

tion to consider mechanical frictions and contact pressures, which are generally difficult to model

in the finite element analysis. In order to keep the essential physics without introducing too much

complexities, we assume all contacts are non-slippery during walking. Specifically, it means that
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Figure 4.2: Light triggered walking under rotating magnetic fields. (A) Schematic of a cross-
shaped hydrogel film containing aligned Ni nanowires irradiated from below. (B) Photographs of
the bent hydrogels (front and side views) superimposed with green wireframe representations of
the calculated photo-actuation using a finite element method. (C) Left, photographs of the hydrogel
walking from left to right for one cycle (white arrows indicate direction of the magnetic fields);
Right, calculated snapshots from a finite element simulation of the walking motion (color scale
represents the x component of the magnetic torque density). Red arrows indicate instantaneous
velocity field, blue arrows indicate direction of the external magnetic field, and magenta arrows
indicate direction of the average magnetization. (D) Plot of the x component of the magnetic
torque (blue) and leg span (red) from the simulation. (E) Plot of the experimental leg span of
samples as a function of time over multiple walking cycles. (F) Plot of the walking speed as a
function of rotating frequency at various magnetic field strengths (error bars represent SDs from
three separate samples). (G) Time-lapse photographs of hydrogel walking (collected every four
cycles, ∼8.3 s) over macroscopic distances under a rotating magnetic field (14.5 mT, 0.7 Hz).
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Figure 4.3: Steering motion and path followed by samples under rotating magnetic fields. Snap-
shots of three periods of steering motion from both experiment and simulation shown in the top
view (top) and side view (bottom). Red arrows depict the instantaneous velocity field, blue ar-
rows depict the direction of external rotating magnetic fields, purple arrows depict the direction of
the average magnetization, and surface colors represent the z and x components of the magnetic
torque density in the top and side views, respectively. (B) The x, y, and z components of the exter-
nal rotating magnetic fields as functions of time. (C) Turning angle of the hydrogel robot from the
experiment (red square) and the simulation (red line) and the z component of the total magnetic
torque (blue line). Arbitrary path of the hydrogel from simulations (D) and experiment (E). The
surface colors represent the z component of the magnetic torque density; dashed red line indicates
the motion trajectory; magenta arrows indicate the direction of the average magnetization. Insets
show a 90° turn in four 22.5° increments. “x1,” “x2,” “x3,” and “x4” indicate the number of turning
increments made while steering along a 90° turn.
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once a leg of the hydrogel robot lands on the floor, the landed leg is not allowed to have transla-

tional displacement. However, rotational movement around the center of the landed leg is allowed

to give its steering capability. Besides, we assume all contacts are perfectly inelastic collisions,

which means that the kinetic energy of the hydrogel robot gets dissipated immediately when a leg

lands on the ground. With above assumptions, we track the positions of each legs of the hydrogel

robot during the time-dependent simulation and trigger a contact event once any leg hits the floor.

For each contact event, the boundary condition of the landed leg is switched as a fixed boundary

condition. At the same time, the boundary condition of the other leg is switched as a free bound-

ary condition. The kinetic energy of the hydrogel robot is also dissipated completely during each

contact events. This contact event-driven boundary condition allows us to recover the dynamic be-

haviors of the hydrogel robots observed in the experiment and quantitatively study possible robotic

functions of the hydrogel robots.

4.6 Effect of photoswitch chemistry on walking trajectories

To develop more complex robotic functions, we synthesized hydrogels with different molecular

photoswitches to tune the kinetics of photo-actuation. Hydrogels made of SP1 can maintain their

bending curvature under variable light intensities (96 to 190 mW/cm2) through the duration of

our experiments (fig. 4.4A), confirmed by the change of leg span (fig. 4.4C, black). We also

synthesized a photoswitch (SP2) that could be covalently incorporated in the polymeric network,

which lacks the methoxy group and displays faster photoisomerization to the closed ring form [6,

figs. S18 and S19]. The hydrogel component of the hybrid samples containing SP2 bend and

then flatten in response to relatively low light intensities (23.5 to 33.0 mW/cm2) (fig. 4.4, B and

C, red), because prolonged irradiation destroys the initial light-induced hydrophobicity gradient

associated with bending of the material. Because the bending angle is highly tunable by changing
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Figure 4.4: Chemical design and bimodal control of the hydrogel robots. (A and B) Molecular
structures of SP1 and SP2 and snapshots of the corresponding hydrogel robots under constant light
irradiation over 900 s. (C) Leg span and (D) walking speed under irradiation with 96 mW/cm2

for SP1 and 23.5 mW/cm2 for SP2 (error bars represent SDs of data collected from three separate
samples). (E and F) Variable light intensity applied over 2100 s to program leg span and walking
speed, respectively. Black bar, four different light intensities (48, 96, 144, 192 mW/cm2) were
sequentially applied on SP1 samples every 5 min followed by a dark time for 15 min; red bar, three
different light intensities (4.7, 14.1, and 23.5 mW/cm2) were sequentially applied on SP2 samples
for 5, 3, and 27 min, respectively.
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irradiation conditions [6, fig. S20] and the walking behaviors depend directly on the bending

geometry, a permanent walker made of SP1 walks with a constant speed, whereas one made of SP2

gradually loses its walking ability with continuous irradiation (fig. 4.4D, [6, fig. S21 and movie

S7]) and is therefore a transient walker. Note that the walking speed of SP2 samples has a large

SD, probably because of the rapidly increasing stiffness upon light irradiation [6, fig. S14] as well

as some uncontrolled slippage and rotation of the walker. The walking speed can be controlled by

programmed sequences of light intensity. As shown in fig. 4.4 (E and F), samples containing SP1

hydrogel were found to bend and walk faster as the light intensity increased. The walking speed

of SP1 hydrogels after 10 min of sequential irradiation at low and then higher intensity (see fig.

4.4F) was faster (1.2 mm/s) than the speed after 10 min of exposure to a constant light intensity

(0.7 mm/s) (fig. 4.4D). We suggest that light irradiation history leads to variations in bending

curvature and mechanical properties. For example, fig. 4.4 (E and F) shows plateaus in leg span

and walking speed during the first 10 min. A full understanding of this phenomenon is beyond the

scope of this paper, but we can suggest that equilibration rate of structures during irradiation will

be sensitively dependent to light exposure history. Also, the SP1 hydrogel was able to selectively

bend and its walking accelerated along a section of its path where the light source was localized,

offering another possibility for adaptive response to the surrounding environment. This permanent

walker gradually stops walking when light is turned off [6, fig. S22], because the bending hydrogel

returns to its initial flat geometry and the hydrophobicity gradient disappears. In contrast to the SP1

samples, prolonged light irradiation of SP2 leads to rapid penetration of light and the disappearance

of the hydrophobicity gradient through the thickness of samples. Therefore, increasing the light

intensity did not cause samples containing SP2 to walk faster but rather accelerated flattening of

bent samples [6, fig. S23]. We also found that we can create objects with different walking modes

by controlling the alignment direction of the nanowires during preparation of the Ni-hydrogel
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composites [6, fig. S24]. Objects with nanowires aligned diagonally relative to their legs exhibited

a walking motion by lifting two legs simultaneously under the rotating magnetic field (fig. 4.5A).

Objects with nanowires aligned perpendicular to the films walk similarly to those with nanowires

in the plane of the film but do not rotate their bodies when the magnetic field is reoriented from the

y-z to x-z plane because of the lack of magnetic anisotropy (fig. 4.5B and [6, movie S8]).

4.7 Cargo transport and release

In addition to walking across a flat plane, the hydrogel objects can also climb inclined surfaces

(fig. 4.6A) and therefore displayed a different walking speed during the ascending and descending

process (Fig. 4.6B). The hydrogel-metal hybrid samples can transport and release cargos using

light and magnetic field exposure. Irradiating samples with high intensity light (4800 mW/cm2)

from below caused the hydrogel to curl into a spheroidal object, wrapping around an alginate

hydrogel bead (cargo) that had been placed underneath it (fig. 4.6C, top). We point out that sub-

stantial photothermal or photobleaching effects were not observed when using this short exposure

to high intensity irradiation [6, fig. S25]. The rolling motion of the ball-like object under a rotating

magnetic field can be guided to different directions without dropping the alginate bead, allowing

delivery of the cargo to any arbitrary destination (fig. 4.6C, middle). By shining light continuously

on the convex side of the object, we can eliminate the photoisomerization gradient to flatten the

object first, followed by continuous irradiation from the bottom to create an opposing gradient,

thus causing the object to bend up and release its cargo (fig. 4.6C, bottom, and [6, movie S10]). In

addition to using the rolling motion, our robot was also able to transport cargo using the walking

motion. Because the MCH+ is positively charged, the hydrogel robots can transport negatively

charged cargo (an alginate bead) adhered to the top of the object through electrostatic attractions

and deliver the cargo to any destination by walking and subsequent release by fast spinning (fig.
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Figure 4.5: Walking modes of the hydrogel robots in response to nanowire orientation. (A) Top,
schematic representation of a cross-shaped hydrogel object irradiated from below with the Ni
nanowires aligned diagonally, and photographs at different times (indicated at the upper right
corner) of the hydrogel robot after irradiation walking from left to right for one cycle by lifting
two legs simultaneously (1, 4) or (2, 3); bottom, schematic representation of the object rotating
its body 90° counterclockwise when the rotation direction of the magnetic field changes from the
y-z plane to the x-z plane. (B) Top, schematic representation of a cross-shaped hydrogel object
irradiated from below with the Ni nanowires aligned perpendicular to the thickness direction, and
photographs of the robots as in (A) but alternating the lift of legs 1 and 3 (white arrows indicate
the direction of magnetic fields, and black dashed arrows indicate the lifting of the robot legs);
bottom, schematic representation of the walking hydrogel robot showing that this orientation of
the Ni nanowires does not lead to rotation of the robot’s body when the magnetic field changes to
the x-z plane.
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4.6D). These results offer proof of concept on the use of programmed light and magnetic fields to

externally and remotely stimulate materials to transport and release cargo.

4.8 Discussion

In this work, we have investigated the design of highly hydrated soft matter with the capability

to respond to both light and magnetic fields to emulate locomotion and other functions observed

in living organisms. This coupling is achieved by embedding rigid and macroscopically aligned

ferromagnetic nanowires in a soft photoactive hydrogel. Compared with conventional polymers or

liquid crystal elastomers (LCEs) that have been widely investigated, hydrogels offer great potential

in biorelated applications because of their high water content and mechanical similarity to soft

tissues. At the same time, the high aspect ratio of the Ni nanowires used to create the experimental

materials allows the possibility of aligning the magnetic scaffold of the hydrogels. Thus, these

hybrid materials have potential as systems that can be designed to have anisotropic properties.

In this context, the common spherical and irregularly shaped magnetic particles (such as NdFeB)

used in previous work lack well-defined shapes and magnetic anisotropy. In those earlier systems,

a high content of the magnetic component [∼10 weight % (wt %)] or a large magnetic field is

required to activate a considerable response. In contrast, a very low content of aligned Ni nanowires

(0.5 wt %) is sufficient in the hybrid hydrogels to generate a large magnetic response for robotic

functions using a relatively weak magnetic field strength (≤ 16 mT). This advantage is supported

by the product of the weight percentage of magnetic material and the applied field strength in our

system, which is about three times lower than those used with previous systems. Also, although

the responses of our system to light and magnetic fields are driven by different mechanisms, they

are interestingly coupled strongly via elastic deformation. The magnetic response depends on

the geometry induced by photo-actuation (light direction, intensity, and irradiation time), whereas
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Figure 4.6: Hydrogel robots performing tasks under rotating magnetic fields. (A) Photographs
of ascending (left) and descending (right) hydrogel objects containing the SP1 moiety on a glass
surface with an inclined angle of 9° and exposed to a magnetic field rotating in the y-z plane (the
time at which each photograph was taken is indicated in the upper left-hand corner). (B) Plot of the
position of the centroid, front and back feet of hydrogel objects as a function of time when robots
walk on an inclined surface (blue) or a flat surface (red) but exposed to the same rotating magnetic
field. (C) Starting at the top, sequential photographs (see times at upper right corner) show an
alginate bead (white arrow) initially underneath a robot in the flattened state and subsequently
captured when light from below bends the robot; the robot is then transported by a rolling motion
under a magnetic field; and irradiation from the bottom exposes and releases the alginate cargo.
(D) Time sequence photographs (see times at upper left corner) showing an alginate bead initially
adhered to the top of a hydrogel object, then transported by walking motion, and subsequently
released by fast spinning using the magnetic field.



96

the magnetic response only appears to affect photo-actuation by changing the object’s orientation

with respect to incident light [6, fig. S26]. As demonstrated above, chemical changes in the

photoswitching molecules can also alter the programmable shape changes upon light exposure and

in this way change the magnetically driven robotic functions. The photoswitching approach via

molecular isomerization offers the advantage of activation using relatively low light intensity [23],

[119], [123]. This is in contrast to the commonly used photothermal agents, which require high

intensity light [115], [124], [125].

In miniaturized form, the materials developed in this work could be potentially used to transport

and release cargoes in aqueous media through narrow passages with complex routes. In the ex-

periments reported here, a rotating external field precessing at a 90° angle to the walking direction

was selected because it maximizes the magnetic torque that drives actuation when the nanowires

are aligned along the bending direction of the hydrogel. However, the actuation mechanisms in-

vestigated here could be used in the future to explore other modes of locomotion and functions

by designing objects with other shapes and fields precessing at other angles with respect to the

magnetization of the nanowires. The coupling principle between shape-morphing and responsive

actuation developed here provides a general framework to create more complex bioinspired mo-

tions and functions.

Given the hydrogel nature of our materials, they can potentially collect molecular components

from aqueous solutions and deliver them at another point by expelling water. Future directions

could also include developing much smaller objects for drug delivery in tissues or to specific cells.

In this respect, our understanding of the synergy between light and magnetic actuation will be

important in design geometries suited for swimming and locomotion in low Reynolds number en-

vironments [126]. The walking mechanism reported here can occur on any flat or inclined surface

without relying on ratchets, which is comparable with previous photothermal [127], thermal [128],
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or electrically [129], [130] driven walkers. The walking speed reached in our system (∼2 mm/s)

is fast from the perspective of previously observed light-induced locomotion but is comparable

with other examples of magnetic actuation. However, we point out that in our system exposure

of the objects to photons and the magnetic field are physically inseparable factors in the observed

actuation. As we approach the walking speed in biologically relevant systems (∼1 body length

per second), the walking speed of our systems (∼0.3 body length per second) is comparable or

lower than that of light-actuated robots [114], [131], which is limited by the viscous drag from the

liquid environment and surface friction. With increasing walking speed, the viscous drag creates

higher resistance forces, and slippage occurs during walking because of insufficient friction with

the surface. Given the possibility to match the mechanical properties and water content of molec-

ularly designed hydrogels to those of cells and tissues, these systems may allow us to recreate in

synthetic robots the locomotion modes and other actuation behaviors observed in living organisms.

We conclude that by theoretically integrating magnetoelasticity, polymer physics, and photochem-

ical kinetics, we learned how to control locomotion and shape changes in soft materials responding

to both light and magnetic fields.
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CHAPTER 5

CONTROL OF A PHOTOTACTIC HYDROGEL SWIMMER USING LIGHT AND

MAGNETIC FIELDS

5.1 Abstract

Similar to living organisms that experience their environment using different sensory mechanisms,

we need materials capable of sensing multiple external stimuli. Soft robotic systems that rely on

remote control can benefit heavily by the design of such active materials. Functionalized hydrogels

that respond to light and magnetic fields allow for such remote multimodal actuation. Here, we

design, synthesize and model a soft hydrogel robot that is capable of swimming underwater under

the influence of external light and magnetic fields. By coupling the magnetoelasticity and the

light induced photochemistry of these hydrogels, we were able to model and predict the response

of our hydrogel robot to external fields. We modeled the fluid-structure interaction of the robot

to demonstrate its swimming behavior. The unique photochemistry of our material allows our

hydrogel robot to also demonstrate phototactic behaviour which is reminiscent of biological matter.

5.2 Introduction

Active materials that can spontaneously respond to changes in their external environment can prove

to be extremely useful in the field of soft robotics. Functionalized hydrogels that interact with their

This chapter originates from the unpublished collaborative efforts with Doruk Cezan and Prof. Samuel I. Stupp,
who conducted all experimental measurements in this chapter.
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chemical surroundings or external fields such as thermal, light, and magnetic fields can help create

soft actuators for tetherless robotic systems as they allow for remote control. Materials that respond

to multiple stimuli at once are better as these materials can not only perform multiple tasks but also

more complex tasks [6]. To direct such soft robots we need to have a control over their shape and

elastic properties along with a remote actuation mechanisms. Magnetically actuated soft materials

are of particular interest as magnetic fields can penetrate most materials. In this work, we have

synthesized a functionalized hydrogel that responds to both light and magnetic fields and used it

to construct a soft hydrogel swimmer that can be actuated remotely using magnetic fields with

light controlling the properties of the motion. Compared to our previous work [6] presented in

chapter 4, this material has much faster response times to photoactuation and due to the material’s

chemical nature, we can control both its morphology and elasticity using light which was not

possible before. The control of the elastic properties of the hydrogel allowed us to introduce

phototactic behaviour in our robotic swimmer. In order to describe the interaction of the hydrogel

with external light and magnetic fields, we used the continuum modelling approach presented in

the previous chapters. In this chapter, we will model the dual-responsive material’s interaction

with the surrounding aqueous environment to theoretically calculate the swimming motion of the

robotic swimmer. We also augment the hyperelastic model presented in chapter 4 to account for

the changes in the elastic properties of the hydrogel due to light.

5.3 Finite Element Model

5.3.1 Hyperelastic Material

In chapter 4 we modeled the dual-responsive (light and magnetic field) hydrogel in two separate

steps
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• Use the hyperelastic model for reinforced photoresponsive gels given by Ugel = Uelastic +

Umix + Uphoto + Uaniso (see equations 1.25, 1.26, 2.7 and 4.2) to calculate the deformed

geometry.

• Use the deformed geometry as the initial configuration for the magneto-elastic material

model given by Ugel = Uelastic + Uaniso + Umag (see equations 1.25, 4.2 and 4.4)

This was possible due to the large difference in the time scales of the photo-actuation and

magneto-actuation. However, this is not the case for the material developed in this chapter. We

will therefore have to consider all the energy terms together and thereby construct a ‘true’ dual-

responsive material model which is given by

Ugel = Uelastic + Umix + Uphoto + Uaniso + Umag

Ugel(F) =
1

2

kBT

vmNx

(
tr(FTF)− 3 + γ(A · FTFA− 1)2

)
+
kBT

vm

[
(det(F)− 1) ln

(
1− 1

det(F)

)
+ (χ+ αrsp)

(
1− 1

det(F)

)]
− (FM) · B

(5.1)

The above continuum model for dual-responsive hydrogel is solved via the finite element

method, which when combined with an external precessing magnetic field provides a quantita-

tive description for the motion of the synthesized hydrogel swimmer. The geometry of our model

swimmer is illustrated in Fig. 5.1a which shows the hydrogel robot to be 30mm x 5mm and 0.5mm

thick with nickle nanowires arranged along the length of the robot. The arrows show the direction

of the magnetization, M. Fig. 5.1b shows finite element calculations demonstrating three config-

urations of the swimmer in the external magnetic field, H. As the magnetic field oscillates, the
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Figure 5.1: Hydrogel robot’s shape analysis. (a) The geometry of the hydrogel robot. The arrows
show the direction of magnetization, M. (b) Finite element calculations demonstrating the defor-
mation of the hyperelastic solid in the presence of three different configurations of the external
magnetic field H.

swimmer cycles between the three configurations generating a “flapping” motion.

5.3.2 Fluid-Structure Interaction

The flapping wings of the hydrogel swimmer can potentially generate locomotion when submerge

in water due to hydrodynamic interaction. The governing equations for the fluid flow around the

hydrogel robot are given by the incompressible Navier Stokes equations:

ρ

(
∂u

∂t
+ u ·∇u

)
= −∇p+∇ ·

(
µ
(
∇u+ (∇u)T

))
+ ρg (5.2)

∇ · u = 0 (5.3)
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Where ρ is the mass density of the fluid, u is the fluid velocity, µ is the dynamic viscosity of the

fluid and ρg is the volumetric force density due to gravity. The equations for the fluid motion are

formulated using the Eularian description where the quantities are defined with respect to a fixed

frame of reference also known as the spatial frame. This is different from the Lagrangian formalism

used to describe the hyperelastic solid where the energy densities are defined with respect to the

material frame that moves along with the deforming material. For the fluid motion, a Lagrangian

approach would be impractical as it can lead to severe mesh distortions, therefore the Eularian for-

mulation is more suitable. However, the Eularian description has a limitation; it is not well suited

for problems where the boundaries of the fluid domain move with time as in our case where the

fluid boundaries move with the flapping swimmer. In order to model the interaction between the

hydrogel and the fluid, we need to combine the two formulations for which we use the Arbitrary

Lagrangian–Eulerian (ALE) method. ALE takes an intermediate approach where we describe the

dynamics of the system with respect to a moving mesh frame that is neither Lagrangian nor Eular-

ian and can move independently. This allows us to handle the moving boundaries and interfaces

without following individual fluid packets as in the Lagrangian formulation [132]. Therefore, the

Navier-Stokes equations that describe the fluid motion are solved on a freely moving mesh where

COMSOL calculates the mesh coordinates based on the movement of the solid structure (hydrogel

swimmer). Fig. 5.2 shows an example case of an oscillating beam in water solved using COMSOL

where the fluid mesh can be seen deforming in response to the solid structure’s movement. The

deformation of the mesh is calculated using hyperelastic smoothing [133].

The Fluid-Structure Interaction (FSI) coupling appears on the boundary between the fluid and

and the solid. The total force exerted by the fluid on the solid body is

FT = −n.
{
−pI + µ

(
∇u+ (∇u)T

)}
(5.4)
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Figure 5.2: Deforming mesh in an example fluid structure interaction problem. A green colored
solid beam is oscillating in the blue colored fluid. The mesh in the fluid domain deforms in response
to the solid beam’s movement.

where n is the solid surface’s normal vector and I is the identity matrix. The coupling in the other

direction is applied through a boundary condition on the fluid domain i.e. at the fluid-structure

boundary, the fluid velocity is given by

ufluid =
∂xsolid
∂t

(5.5)

where ∂xsolid/∂t is the velocity of the solid structure that acts as the velocity of the moving wall

for the fluid domain.

5.4 Swimming in water

The Reynold’s number (Re) for our hydrogel swimmer is ∼ 100 where Re = ρuL/µ and L is the

characteristic length scale. At intermediate Reynolds numbers (1 < Re < 1000), both viscous

and inertial forces contribute to thrust and drag. A large variety of aquatic animals also operate

in this domain [134]. Our hydrogel swimmer employs a drag-based propulsion mechanism where

the flapping wings of the swimmer pushes against the water to generate thrust. The propulsion

mechanism is divided into two phases, the power stroke and the recovery stroke. As the swimmer
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Figure 5.3: Hydrogel robot’s interaction with fluid . (a) Side view of the hydrogel robot flapping
its wings in an external oscillating magnetic field as a function of time. Snapshots of different
configurations of the robot placed chronologically from top to bottom. The color bar represents
the velocity of the surrounding fluid in mm/s (b) The z-coordinate of the center point of the robot
as a function of time demonstrating no net locomotion.

closes its wings to push against the water, it generates a forward thrust due to the drag force.

However, during the recovery stroke, the drag force acts in the opposite direction causing the

swimmer to generate thrust in the opposite direction. Since our model swimmer is flat (fig. 5.3a

leftmost) and the actuation field (magnetic field) is sinusoidal, the geometry and the motion of

the swimmer is invariant under the transformation of the axis ẑ → −ẑ. This symmetry of the

physical problem stops the flat swimmer to undergo locomotion as the power strokes and the

recovery strokes generate equal and opposite thrusts causing the swimmer to stay in the same

place. This situation can be visualized in fig. 5.3a which shows snapshots of the swimming motion

arranged chronologically from initial state to final state indicated by the arrow of time. Fig. 5.3a
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Figure 5.4: Hydrogel robot’s swimming motion. (a) Deformation caused due to light with 140
mW/cm2 intensity in the absence of magnetic field. Inset shows the gradient of light intensity
responsible for the bending. (b) The z-coordinate of the center point of the robot as a function of
time demonstrating a net upward motion along the z-axis. (c) Snapshots of the swimmer’s upward
motion arranged chronologically from left to right.

demonstrates the symmetry of the power and recovery strokes due to the initial flat shape of the

swimmer. We can track the location of the swimmer by tracking the position of its geometric center

along the z-axis as a function of time as shown in fig. 5.3b. It can be seen from fig. 5.3b that over

time, there is no net locomotion as the swimmer keeps oscillating back and forth in the same place.

In order for the swimmer to have a net displacement underwater, we have to break the symmetry

of the power and recovery strokes. This asymmetry can be introduced by deforming the geometry

of the swimmer which can be done using light. As demonstrated in chapter 2, the light intensity

creates a gradient of hydrophobicity in the material causing the hydrogel to bend as the side that

faces the light source shrinks more compared to the side that faces away. Our hyperelastic material

model (eq. 5.1) is solved along with the equations for chemical reaction and light propagation (see
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Figure 5.5: Hydrogel swimmer demonstrating underwater locomotion in the lab. The three snap-
shots are taken in chronological order from left to right.

section 2.3.1 eq. 2.5). Fig. 5.4a shows the deformation caused due to the light in the absence of

an external magnetic field. Here the light is propagating in the +z-direction and the swimmer can

be seen to bend due to the presence of a gradient of light intensity inside the hydrogel. A bent

geometry (fig. 5.4a) can now generate a net thrust in the z-direction as the power strokes generate

more thrust compared to the recovery strokes. Fig. 5.4b is a plot of the displacement versus time of

the hydrogel swimming in water in the presence of an external oscillating magnetic field. For fig.

5.4b, we have taken into account the light induced deformation. Compared to fig. 5.3b, fig. 5.4b

demonstrates a net upward motion along the z-axis because of the bent shape of the swimmer. Fig.

5.4c shows the snapshots of the corresponding time sequence of the hydrogel swimming upwards

(+z direction) in the fluid.

Fig. 5.5 shows the corresponding swimming motion achieved by a hydrogel swimmer syn-

thesized in the lab. Notice the presence of a small air bubble on top of the swimmer in fig. 5.5.

The air bubble is an important component as it reduces the effective ‘weight’ of the swimmer by

providing a small buoyant force and also helps keep the swimmer upright. The bubble used in the

experiments is typically of the order of ∼ 0.5µL, thereby providing a net upward force of ∼ 5µN .

The finite element calculation depicted in fig. 5.4c takes this force into account by means of a point

force applied to the center of the swimmer geometry.
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5.5 Phototactic Motion

In order to understand the origin of phototactic behaviour, we have to look at the chemical compo-

sition of the dual-responsive hydrogel material. The hydrogel material developed for this project

has an additional component compared to the hydrogel material presented in chapter 4. In order to

improve the photo-response time of the hydrogel, we added peptide amphiphile (PA) nanofibers to

the spiropyran-NIPAM-(Ni nanowire) system. PA nanofibers speed up the process of photoactua-

tion (see section 2.3.1) by ∼60 times i.e. the time it takes for the swimmer to bend to the required

shape for swimming, decreases from ∼15 mins to ∼ 15 secs. The surmised mechanism for this

improvement is based on the movement of protons between the spiropyran chromophores and the

PA fibers. In the absence of light, the acid groups on the PA fibers spontaneously protonate the

chromophores into the hydrophilic form MCH+. This drives the conversion of uncharged SP to

MCH+ while simultaneously increasing the population of the carboxylate anions in the PA fibers

and chromophores. On the other hand, in the presence of light, the proton released by MCH+ gets

readily consumed by the acrylate groups present on both PA fibers and the chromophores. This

leads to a simultaneous formation of the uncharged SP and protonated acrylate anions causing the

hydrogel to become more hydrophobic. The presence of hydrophobic molecules causes the hy-

drogel to lose water and causes dehydration of the PA fibers. It has been reported in the literature

that the dehydration of PA nanofibers leads to the contraction and stiffening of the supramolecular

networks [39], [135]. Therefore due to the presence of PA fibers the dual-responsive hydrogel

tend to get stiffer upon light irradiation. Please note that even though this is the proposed mecha-

nism, more investigation is needed to support the argument presented here with more experimental

evidence.

Regardless of the exact mechanism, we know from rheological measurements that the spiropy-
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Figure 5.6: Light induced stiffening. a) Plot showing the increase in the storage and loss moduli of
the spiropyran-NIPAM hydrogel in the presence of light. The increase in stiffness is much higher
in hydrogels with embedded peptide amphiphile (PA) fibers compared to hydrogels without PA
fibers. b) Plot showing the change in storage modulus G′ in a PA fiber gel exposed to light as a
function of time.

ran hydrogels with PA fibers tend to become a lot stiffer compared to the gels without PA fibers in

the presence of light. This is demonstrated by fig. 5.6a which plots the storage modulus G′ and the

loss modulus G′′ of the hydrogels with and without PA fibers. We can see that the storage modulus

G′ (also known as the elastic modulus) increases by a much larger extent in the presence of light

for PA fiber gels. Fig. 5.6b plots G′ as a function of time demonstrating the time required for the

hydrogels to become stiffer.

The stiffening of the hydrogel in the presence of light leads to an interesting emergent phe-

nomenon. This causes the hydrogel swimmer to exhibit phototaxis. An intuitive explanation of

how the light induced stiffening causes phototaxis is as follows. A light source at the bottom of the

fluid chamber increases the stiffness of both the wings of the hydrogel swimmer equally. However,
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Figure 5.7: Swimming towards the light. a) Photographs of a hydrogel beam in dark and light
conditions demonstrating a decrease in the range of motion due to light induced stiffness. b)
Photographs of a hydrogel swimmer, swimming towards the secondary light source demonstrating
the phototactic properties of the swimmer. The photographs of the swimmer at different time
stamps are overlapped to show the motion. c) Finite element simulations of a ‘flat’ hydrogel with
anisotropy in the stiffness of the wings. We can see that the swimmer gradually moves towards the
direction of the stiffer wing. d) A plot of the corresponding displacement of the swimmer along
the x-axis and the z-axis.
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in the presence of a second light source, the wing of the swimmer that receives more light becomes

stiffer. This leads to a phenomenon where the stiffer wing generates lesser thrust compared to the

other wing and the swimmer starts swimming in the direction of the second light source. This

phenomenon can be demonstrated by fig. 5.7a which shows an experimental setup of a hydrogel

beam oscillating in an external magnetic field. We can see that the range of motion of the beam is

much smaller in the presence of light as the beam becomes stiffer which leads to the generation of

a smaller thrust.

Fig. 5.7b shows an experimental setup where the hydrogel swimmer is in the presence of two

light sources. The primary light source shines light from below the swimmer (light travelling in

+z direction) and is required for the swimmers to move along the z-axis (see section 5.4). The

secondary light source shines light from the side and is responsible for creating an anisotropy in

the stiffness of the two wings of the swimmer. The spontaneous steering of the hydrogel swimmer

towards this secondary light source can be seen in fig. 5.7b.

This phototactic behaviour can also be seen in the theoretical calculations. Fig. 5.7c shows

finite element calculation of a ‘flat’ swimmer with the left wing stiffer than the right wing. For the

purpose of this simulation, we did not take into account the light induced geometric deformation.

This was done to isolate only the effect of stiffness anisotropy. We can see from fig. 5.7c that the

hydrogel does infact move towards the secondary light source. Fig. 5.7d plots the corresponding

displacement of the swimmer along the x-axis and the z-axis (no net displacement along z-axis is

due to the ‘flat’ shape of the swimmer). In the finite element simulations (fig. 5.7c), we used the

storage modulus values from fig. 5.6 i.e. we chose the left wing to be G′ ∼ 6Pa and the right wing

to be G′ ∼ 1.5Pa. The storage modulus is given by the elastic term in the constitutive relation eq.

5.1 with G′ = kBT/vmNx.

Due to the reversibility of the spiropyran’s photochemical reaction the changes in the material
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stiffness due to light are also reversible. This allows us to steer the swimmer in any direction by

merely moving the secondary light source and the swimmer will follow the light.

5.6 Conclusion

In this work, we developed a constitutive model for the description of a dual responsive hydrogel

material that responds to both light and magnetic fields. The photo-activity of the hydrogel sys-

tem is attributed to the presence of grafted spiropyran chromophores and the magneto-activity is

attributed to the presence of embedded nickle nanowires in the hydrogel. In order to improve the

response time of the hydrogel, peptide amphiphile (PA) fibers were added to it. Using this ma-

terial, we fabricated hydrogel swimmers that are capable of underwater locomotion. Using finite

element method to solve the material model, we were able to predict the dynamic response of the

material to external fields. We also modeled the material’s interaction with the surrounding fluid

to theoretically demonstrate the swimming motion of the hydrogel robot.

Due to the interaction of PA fibers with the spiropyran in the hydrogel, the material becomes

much stiffer in the presence of light. We demonstrated both theoretically and experimentally that

due to this property of the PA fiber gels, the swimming robots exhibit phototactic properties which

is reminiscent of biological matter. Since, the photochemical reaction is reversible, the stiffening

effect of the PA fiber gels is also reversible. Therefore, the hydrogel swimmers with PA fibers have

an intrinsic ‘intelligence’ that allows them to detect and follow an external light source.
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CHAPTER 6

ACTIVITY-INDUCED MIGRATION OF VISCOUS DROPLETS ON A SOLID

SUBSTRATE

6.1 Abstract

In this article we demonstrate computationally that viscous liquid droplets containing magnetic

nanoparticles with frozen-in magnetic moments, sitting on a solid substrate and surrounded by an

ambient gas phase can migrate under the influence of a magnetic torque. The effect arises because

the collective rotation of the magnetic nanoparticles at the liquid-gas interface tilts the droplet away

from a symmetric configuration, breaks the reflection symmetry with respect to the center axis, and

leads to a left-right asymmetry of the contact angles. A sufficiently strong magnetic torque leads

the contact angles to overcome hysteresis effects leading the droplet to migrate. Such droplets

can be employed as agents in active surfaces and can move against gravity, chemical and thermal

gradients, providing a mechanism that could be utilized by both industry and medicine.

6.2 Introduction

In recent years, it has become possible to design and synthesize systems that execute cooperative

functions employing active matter cf. Driscoll and Delmotte [136] and references therein. Active

materials are controlled by the application of external inputs such as chemical energy, magnetic

This chapter originates from the unpublished collaborative efforts with Dr. Eleftherios Kirkinis
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Figure 6.1: Possible applications of the present formalism. Active surfaces (left): active droplets
embedded in the grooves of a solid surface reduce hysteresis and increase mobility. Arrows indicate
streamlines and flow direction. Active droplets (middle): they can squeeze-through narrow spaces,
work against gravitational potentials, temperature or chemical gradients and overcome barriers
(see section 6.7). Here they work against gravity climbing an inclined barrier. Active films (right):
they can be employed to transport cargo in a “conveyor-belt” manner

fields and/or light. Because magnetic fields can penetrate matter, they can replace chemical energy

in actuating systems by enabling, for instance, the locomotion of robots [137][6].

Droplets of a magnetic liquid that can be actuated by external fields form a special case of active

matter, which is employed in various fields of medicine and industry [138]. In particular, such

droplets can be employed to form “active surfaces” (cf. Fig. 6.1 left) whereby they are placed in

grooves of a surface and with the application of an external field they can reduce hysteresis effects

and increase mobility [139]. Such droplets can navigate uncharted terrains, climb an inclined plane

working against pressure, thermal or chemical gradients and gravity (cf. Fig. 6.1 center); move on

the underside of a plate; climb and get past obstacles and even deform to enter narrow passage-

ways [138]. Films composed of such a liquid can act as “conveyor belts” for the transport of cargo

(cf. Fig. 6.1 right).

In this article, employing continuum field theories incorporating antisymmetric and couple

stresses we develop models capturing the motion of magnetic droplets in diverse terrains. Droplet

motion as a whole - termed migration in this article - depends on processes taking place at the
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contact line. Thus, a brief discussion of known facts regarding the mobility of a contact line is

at place here. It is a known experimental result [140] that a contact line moves with a horizontal

velocity uCL according to

uCL = k
[
θ(t)− θ̄A

]m
, when θ(t) > θ̄A, (6.1)

where θ̄A ≥ 0 is the static advancing contact angle that θ(t) (the dynamic contact angle) has

to overcome for the contact line motion to commence. The exponent m has been found in the

experiments of [141]–[143] to acquire the value m = 3. The phenomenological constant k also

has to be determined by experiment. For instance, Ehrhard [144] determined that k ∼ 4 mm/sec

for silicon oil and k ∼ 8 mm/sec for parafin oil in experiments of non-isothermal spreading on

glass surfaces. For the receding contact angle of Fig. 6.2 (upper right), one has

uCL = −k
[
θ(t)− θ̄R

]m
, when θ(t) < θ̄R, (6.2)

where θ̄R ≥ 0 is the static receding contact angle that θ(t) (the dynamic contact angle) has to

fall against for the contact line motion to commence. As discussed by Ehrhard and Davis [145]

there are a number of approaches to model the contact line dynamics. The first, termed the excision

approach, uses lubrication theory to describe the bulk liquid flow away from the contact line. The

excised contact-line region is then replaced by a-priori statements about the drop shape and the

“outer” region [143], [146]. A second approach is to replace the contact line by a precursor film

[147]. And a third is to consider the whole drop, introduce the constitutive law eq. 6.1 and eq. 6.2

at the contact line, and employ lubrication theory for flat drops [148].

This latter approach was successfully employed by Ehrhard and Davis [145] to develop a the-

ory of thermocapillary spreading, validated by subsequent experiments [144] and by Smith [149]
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to study the migration of liquid droplets under a horizontal temperature gradient. In the spreading

case of Ehrhard and Davis [145], a vertical temperature gradient gives rise to surface tension vari-

ations which are symmetric with respect to the center axis of the droplet and leads to the formation

of two symmetric flow cells inside the droplet cf. [145, Fig.5], even when spreading has ceased. In

this spreading regime, the contact lines always remain equal and the droplet shape stays symmetric

with respect to its center axis. On the other hand, a horizontal temperature gradient gives rise to

asymmetric surface tension with respect to the center axis of the droplet. The corresponding sur-

face tension gradient tilts the droplet and gives rise, in principle, to a single cell [149, Fig. 6] and

drives these non-isothermal droplets to migrate. During migration, the contact angles are unequal

and the shape of the droplet asymmetric with respect to its center axis. It is interesting to note

that the effect of the horizontal temperature gradient (subject to certain approximations employed

by [149]) on the liquid-gas interface is identical to the one that would be generated by a constant

surface shear “wind” imposed on a droplet or film [150].

Migration is realized when both dynamic contact angles overcome their advancing and receding

static counterparts: when the right dynamic contact angle θa(t) exceeds the static advancing contact

angle θ̄A and the left dynamic contact angle θr(t) falls short of the static receding contact angle θ̄R

(cf. Fig. 6.2). For the problem under consideration notation becomes increasingly cumbersome.

With a view to simplify it, we adopt the notation employed by Smith [149] and Ehrhard and Davis

[145]. We are mainly interested in the steady state regime, that is, when the droplet has acquired

a constant migration velocity, specific shape and a constant radius. Initial and transient behaviour

is of some interest and these have been discussed in detail by Smith [149] for the thermocapillary

problem under a horizontal temperature gradient.

Fine ferromagnetic particles suspended in a Newtonian liquid can bring about an imbalance of

angular momentum [151]–[153]. This imbalance is due to deviations of the macroscopic particle



116

Figure 6.2: Top right: Experiment-inspired hysteretic diagram of a single contact line moving
with velocity uCL vs. dynamic contact angle θ (cf. Eq.6.1 and [140]). Thus, motion of the contact
line takes place when the contact angle lies outside the interval [θ̄R, θ̄A], determined by the static
advancing and receding contact angles θ̄A and θ̄R, respectively. Main figure: viscous droplet with
rotational degrees of freedom (suspended ferromagnetic nanoparticles) sitting on a solid substrate
and surrounded by an ambient gas phase. A moving interface at z = ξ(x, t) separates a gas from
a viscous liquid lying on a solid substrate located at z = 0. Nanosize particles suspended in the
carrier liquid rotate with a macroscopic angular velocity field ω = ω(x, z, t)ŷ by responding to a
magnetic torque densityN ŷ = m×h produced by a rotating magnetic field of frequency ν applied
on the suspension of macroscopic magnetizationm. The particle collective rotation near the liquid-
gas interface induces a dominant horizontal liquid velocity component u(x, z, t)x̂ deforming the
droplet, tilting it to the right. If the torque is strong enough so that the droplet overcomes hysteresis
effects (and thus the left dynamic contact angle θr(t) falls short of the receding static angle θ̄R
and the right dynamic contact angle θa(t) exceeds the advancing static contact angle θ̄A - see the
corresponding insets) it starts moving to the right with velocity uCL.
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angular velocity from the liquid angular velocity, that is, one-half of the liquid’s vorticity field,

generated by an external magnetic field.

A magnetic torque can drive the suspended particles in such a way that at the liquid-gas in-

terface, their collective rotation (in a “conveyor-belt fashion”, see. Fig. 6.2), described by the

macroscopic particle angular velocity ω [153] manifests itself as an effective, non-uniform surface

shear stress. The effect of such a stress is to provide a dominant horizontal component for the fluid

velocity u, which causes a droplet to deform.

In this article we demonstrate that viscous liquid droplets containing magnetic nanoparticles

with frozen-in magnetic moments, sitting on a solid substrate and surrounded by an ambient gas

phase can migrate under the influence of a magnetic torque generated by a rotating magnetic field

(cf. Fig. 6.2). The effect arises because the collective rotation of the magnetic nanoparticles at

the liquid-gas interface tilts the droplet away from a symmetric configuration, breaks the reflection

symmetry with respect to the center axis, and leads to a left-right asymmetry of the contact angles

(cf. left and right panels of Fig. 6.2). A sufficiently strong magnetic torque leads the contact angles

to overcome hysteresis effects and induces droplet migration. Thus, this is a symmetry-breaking

effect at the level of the Navier-Stokes equations. Symmetry-breaking is also inherited by the

liquid-gas profile evolution equation as well as the mobility constitutive law eq. 6.1 describing

the motion of a contact line. The effect is a companion to the thermocapillary migration of the

non-isothermal liquid droplets analyzed theoretically by [149]. Thus, the theoretical and computa-

tional framework developed in the present article, with respect to symmetry-breaking and droplet

mobility, encompasses these former results as a special case.
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Quantity Description Definition
θ̄A, θ̄R static advancing and receding contact angles Fig. 6.2, Eq. 6.36
θa(t), θr(t) right and left dynamic contact angles Fig. 6.2, Eq. 6.34
η, ζ, η′ constitutive parameters Eq. 6.4, Eq. 6.6
ca(t), cr(t) horizontal coordinates of right/left contact lines Eq. 6.34
u,w dimensional horizontal/vertical velocity fields Eq. 6.19
uCL dimensional contact line velocity Eq. 6.1
ω dimensional particle angular velocity Eq. 6.25
m,h, b dimensional magnetization & magnetic fields Eq. 6.7
`, λ dimensional slip lengths Eq. 6.16
k contact line mobility Eq. 6.1
K mean curvature Eq.6.11, 6.30
t̂, n̂ tangent and normal unit vectors at an interface Fig.6.2, Eq.6.11, 6.28
x, z, t dimensional spatial coordinates and time Fig. 6.2
ξ(x, t) dimensional liquid-gas interface Eq. 6.18
τB, ν Brownian time scale and external field frequency Eq.6.9
p dimensional pressure Eq. 6.4
N dimensional magnetic torque Eq. 6.8
g dimensional grav. acceleration Eq.6.26
φ dimensional potential Eq.6.26
ψ inclination angle of a plane Section 6.7

Table 6.1: Notation employed in this chapter
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6.3 Viscous liquid motion in the presence of rotational degrees of freedom

In a liquid with rotational degrees of freedom - a classical Newtonian liquid with small suspended

particles that can respond to an external torque - the balance of linear and internal angular momen-

tum can be expressed in the form [151], [152]

ρDui/Dt = ∂kσik and IDωi/Dt = ∂kCik +Ni + εimkσkm, i, k,m = 1, 2, 3, (6.3)

where D/Dt is the convective derivative, ρ is the fluid density, I the volume density of particle

moment of inertia ui is the fluid velocity, ωi the particle angular velocity and Ni is the magnetic

torque density. As noted by Dahler and Scriven [151] the last term of the second equation in 6.3

represents the transformation of moment of momentum εijkxiuj into internal angular momentum

only when the stress σij has an antisymmetric part. This part augments the standard Cauchy stress

tensor and arises solely due to the inclusion of the nanostructure in the liquid. The resulting total

stress σ is [153]

σik = −pδik + ηV̂ik + ζŴik + T̂ik, (6.4)

where V̂ik = ∂kui + ∂iuk is twice the rate-of-strain tensor, Ŵik = ∂kui − ∂iuk − 2εkilωl

is a “spin” tensor measuring the imbalance between liquid and particle angular velocity, T̂ik =

(hibk − 1
2
h2
jδik)/4π is the Maxwell stress tensor and h and b denote the macroscopic magnetic

field and induction respectively. The liquid is considered incompressible

∂iui = 0, (6.5)



120

p is the hydrostatic pressure and η is the liquid viscosity. The phenomenological coefficient ζ

multiplying Ŵ in eq. 6.4 is termed the vortex viscosity in the literature [152], [153]. εijk is the

alternating pseudotensor and we employed the Einstein summation convention on repeated indices.

Ŵ has curlu−2ω as its axial vector. When this vector vanishes identically in the body of a slowly

flowing viscous liquid in the absence of externally applied torques and non-conservative forces,

the balance of internal angular momentum in eq. 6.3 is automatically satisfied and the balance

of linear momentum in eq. 6.3 reduces to the standard Navier-Stokes equations satisfied by the

velocity field of an unstructured liquid [152]. Diffusion of internal angular momentum takes place

due to couple stresses C

Cik = η′ (∂kωi + ∂iωk) + ζ ′∂jωjδik, (6.6)

the suspended particles experience in their rotational motion. Here η′ and ζ ′ are the shear and

bulk coefficients of spin viscosity [152]. Therefore, ∂jCij in Eq. 6.3 is the rate of arrival of internal

angular momentum by way of diffusion. Maxwell’s equations are

∇× h = 0, and ∇ · b = 0, (6.7)

where b = h+ 4πm. Since the torque density

N = m× h (6.8)

depends on the macroscopic magnetization fieldm of suspended particles, one more constitu-

tive equation describing the evolution of this field has to be imposed in order to provide closure
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[153]. This is

Dmi/Dt = εijkωjmk − (mi − χhi)/τB i = 1, 2, 3. (6.9)

Here τB is the Brownian relaxation time [153, p.54-57] and χ is the effective magnetic suscep-

tibility

χ = nmdL(α)/h, L = cothα− 1

α
, α =

mdh

kBT
, (6.10)

where md = MdV is the magnetic moment of a single subdomain particle, V is the particle

volume, Md is the domain magnetization of dispersed ferromagnetic material and n is the number

density of the magnetic grains. In this form, Eq. 6.9 applies only at moderate strengths of the

applied field. For a discussion of this point see Rinaldi [153, p.54-57] and references therein.

6.3.1 Boundary conditions

At a liquid-gas interface with mean curvature K and constant surface tension γ, continuity of

traction implies [154],

−[[σn]] + 2Kγn = 0 (6.11)

where n and t are the normal and tangent unit vectors at this interface respectively, and the

symbol [[·]] denotes the jump of the field across an interface. Thus, for the shear and normal

stresses we have

[[tσn]] = 0, and [[nσn]] = 2Kγ, (6.12)
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on the liquid-gas interface, while the couple-stress tensor C satisfies [155]

[[Cn]] = 0. (6.13)

At the liquid-solid interface the no-slip and no penetration conditions read

u · t = 0, u · n = 0. (6.14)

respectively. When required, the former can be relaxed and be replaced by a slip model as is

usual in thin liquid film and droplet studies [154], [156], [157]. Finally the question arises as to

the most suitable boundary condition satisfied by the particle angular velocity at the liquid-solid

interface. In the literature of magnetic liquids one may specify a condition of the form [158]–[160],

ω = 0. (6.15)

It may however be necessary to allow for a finite angular velocity at this boundary. Aero,

Bulygin, and Kuvshinskii [161] allowed for rotation of the ferroparticles derived by the balance of

their overall angular velocity at the liquid-solid interface with the surface density of micromoments

ω = λ̂Ĉn̂ (6.16)

cf. [161, Eq.(6.6)] where λij , having units of length, is the inverse of the rotational friction

tensor and n̂ is normal at the solid-liquid interface so that the appearance of micro-moments at

the surface is due to friction. We note that this boundary condition is analogous to the Navier slip

condition of Newtonian fluid mechanics [162] thus λij is a rotational slip length. Its values will

depend on surface roughness, liquid viscosity and particle size.
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At the liquid-gas interface the induction and magnetic field components are continuous

[[b · n]] = 0 and [[h · t]] = 0. (6.17)

6.4 Reduction of the equations of motion

In the geometry displayed in Fig. 6.2 and in dimensional units, the liquid-gas interface lies at

z = ξ(x, t) (6.18)

and the solid-liquid interface at z = 0. The fluid velocity u, macroscopic particle angular

velocity ω and magnetizationm obtain the component forms

(u(x, z, t), 0, w(x, z, t)), (0, ω(x, z, t), 0) and (m1(x, z, t), 0,m3(x, z, t)), (6.19)

respectively. The stress tensor eq. 6.4 has the following non-vanishing components

σ11 = −p+ 2ηux, and σ13 = (η + ζ)uz + (η − ζ)wx − 2ζω, (6.20)

σ31 = (η − ζ)uz + (η + ζ)wx + 2ζω, and σ33 = −p+ 2ηwz, (6.21)

where a low case Latin subscript denotes differentiation with respect to the corresponding

dimensional variable. For clarity and brevity we did not manifestly include the Maxwell stress

tensor components in these expressions because they only give rise to a body force whose effects

are subdominant to those of the torque studied in the present article (assuming weak fields and slow
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rotations, see the discussion in [163, Appendix A]). The couple stress tensor C has the following

non-zero components

C12 = C21 = η′ωx and C23 = C32 = η′ωz (6.22)

and we assume that ∂jωj = 0 is also satisfied. Then, the governing equations 6.3 reduce to

ρ [ut + uux + wuz] = −px − 2ζωz + (ζ + η)(uxx + uzz)− φx, (6.23)

ρ [wt + uwx + wwz] = −pz + 2ζωx + (ζ + η)(wxx + wzz)− φz, (6.24)

I [ωt + uωx + wωz] = 2ζ(uz − wx − 2ω) + η′(ωxx + ωzz) +N. (6.25)

where N is an applied magnetic torque and the potential φ represents fields acting on the

droplet such as gravity, intermolecular forces etc. For the present analysis we will consider that φ

represents the gravitational field acting on a droplet placed on an inclined substrate at angle ψ to

the horizontal x-axis, leading to

φ = ρg(x sinψ + z cosψ). (6.26)

The boundary conditions eq. 6.14 and eq. 6.16 become

u = 0, w = 0 and ω = λωz, at z = 0, (6.27)

The tangent and normal vectors to the interface are

t = (1, 0, ξx)/
√

1 + ξ2
x and n = (−ξx, 0, 1)/

√
1 + ξ2

x (6.28)
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respectively. Thus, at the liquid-gas interface z = ξ(x, t) the boundary conditions eq. 6.12 read

σ13 − ξ2
xσ31 + ξx(σ33 − σ11) = 0 and

σ33 + ξ2
xσ11 − ξx(σ13 + σ31)√

1 + ξ2
x

= γξxx. (6.29)

where in eq. 6.12 we employed the expression for the curvature

2K =
ξxx√
1 + ξ2

x

. (6.30)

Eq. 6.13 becomes

ωz − ξxωx = 0. (6.31)

To the above one may add the kinematic condition

w = ξt + uξx (6.32)

at the liquid-gas interface z = ξ(x, t) which constitutes the starting point in deriving the sought-

after evolution equation.

The problem of determining the motion of a droplet reduces to solving an evolution equation

for the liquid-gas interface z = ξ(x, t) with boundary conditions

ξ(ca(t), t) = ξ(cr(t), t) = 0,

∫ ca(t)

cr(t)

ξ(x, t)dx = V0, (6.33)

where

ca(t) and θa(t), cr(t) and θr(t) (6.34)
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is the x-location of the contact line and dynamic contact angle at the right and the left contact line

of the droplet, respectively (cf. Fig. 6.2). Following [149], we adopt the mobility law

dca
dt

=


(θa − θ̄A)m, θa > θ̄A

0, θ̄R ≤ θa ≤ θ̄A

−(θ̄R − θa)m θa < θ̄R

and
dcr
dt

=


−(θr − θ̄A)m, θr > θ̄A

0, θ̄R ≤ θr ≤ θ̄A

(θ̄R − θr)m θr < θ̄R
(6.35)

where θa(t) = −ξx(ca(t)) and θr(t) = ξx(cr(t)) (cf. Fig. 6.2) and

θ̄A and θ̄R (6.36)

are the advancing and receding static contact angle, respectively (upper right corner Fig. 6.2).

6.5 Numerical Analysis

The ferrofluid is modeled using COMSOL’s moving mesh method. The moving mesh approach

models the free surface of a fluid domain (fluid-air interface) as a geometric surface that separates

the fluid domain from the air domain. The air domain is not explicitly defined and the interfacial

effects are modeled via the surface tension and other surface forces applied directly on the fluid

surface as boundary conditions at the free surface. This is one advantage of modeling the free

surface using the moving mesh method as we only need to model one phase (liquid domain) and we

can ignore the other phase (gas domain). This leads to a substantial improvement in performance

compared to other commonly used field based methods such as the level set and the phase field

methods Also, since the interface is defined as a geometric surface, the moving mesh method

provides a much sharper and accurate interface compared to field based methods. However, the
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moving mesh method has a shortcoming i.e. it cannot handle topological changes, eg. a droplet

splitting into two. This limitation of the moving mesh method does not affect us as our fluid domain

would not split into multiple domains.

6.5.1 Modeling the equation of fluid motion

We use COMSOL’s in-built laminar flow module to model the fluid body. We augment this in-built

module to include the ferromagetic interaction by appropriately adding additional equations to the

model. First, we start with the Navier-Stokes equation that the laminar flow module solves i.e.

ρDui/Dt = ∂kσik with σik = −pδik + η(∂kui + ∂iuk). (6.37)

From eq. 6.4 we can see that we need to add an additional term ζŴik = ζ(∂kui−∂iuk−2εkilωl)

to the stress tensor. We use COMSOL’s weak contribution functionality to add this term as a weak

contribution to the in-built Navier-Stokes equation. The contribution term is given by

div(ζŴik) = ∂k(ζŴik) (6.38)

multiplying it with a test function νi and integrating with respect to the domain Ω, we get

∫
Ω

∂k(ζŴik)νi =

∫
Ω

ζ∂kŴikνi (6.39)

Using integration by parts and since the test functions are required to be zero at the domain bound-

ary, we get
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∫
Ω

∂k(ζŴik)νi =

∫
Ω

−ζŴik∂kνi (6.40)

=

∫
Ω

−ζ
(
Ŵ13∂zν1 + Ŵ31∂xν3

)
(6.41)

where Ŵ13 and Ŵ31 are the only non zero terms since angular velocity of the ferromagnetic parti-

cles points only along the y-axis ω = (0, ω, 0). The in-built test function provided by COMSOL is

given by ν = (test(u), test(v), test(w)) and their derivatives ∂kνi are given by test(ux), test(uy),

test(uz), test(vx), test(vy) and so on. Therefore, the weak expression is given by

∫
Ω

−ζ
(
Ŵ13test(uz) + Ŵ31test(wx)

)
=

∫
Ω

−ζ (uz − wx − 2ω) (test(uz)− test(wx)) (6.42)

where Ŵ13 = −Ŵ31 = (uz−wx−2ω). This weak contribution expression will therefore model the

additional terms (terms otherwise not present in the usual Navier-Stokes equation) present in the

equations 6.23 and 6.24. The equations for fluid motion are solved together with the differential

equation for the particle angular velocity given by the eq. 6.25 using COMSOL’s Convection-

Diffusion Equation (cdeq) module.

Note: The equations derived here are for a droplet lying in the x-z plane. However, COMSOL

uses the x-y plane. The readers can easily rewrite the equations for x-y plane or re-derive them.
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6.5.2 Implementation of the contact angle hysteresis

In order to implement the contact angle hysteresis, we follow the approach developed by Cai and

Song [164]. The method involves dividing the motion of the droplet into two states - pinned state

and moving state. If the contact angle lies in the range θ̄R ≤ θ ≤ θ̄A, the droplet is considered to

be in the pinned state and for θ < θ̄R or θ > θ̄A, the droplet is considered to be in a moving state.

The contact angle θin is used as the input for COMSOL which is given by

θin = θ0 + kd (6.43)

where θ0 is the initial contact angle; d is the displacement of the contact point and k is the penalty

term. We set limits on θin such that θin never exceeds θ̄A and never becomes less than θ̄R.

When the droplet is in the pinned state, any displacement d of the contact point causes θin to

change in value in order to keep the contact line (almost) stationary. A higher value of k allows

for a more precise pin as even a small d causes a large change in θin. In the moving state, θin

saturates to either θ̄A or θ̄R and we update the values of θ0 and d at every time step. A more

detailed explanation and instructions for implementation can be found in [164].

Lastly, we need to define a geometry for our droplet such that in the absence of a magnetic

torque the droplet should be stationary. To achieve this, we assume the geometry of the droplet

to be a section of an ellipse. This geometry may not be the steady state shape of the droplet,

therefore, we let the droplet equilibrate under gravity and surface tension for 2 seconds. The

equilibration time is dependent on the viscosity of the fluid, therefore the readers should choose

this time accordingly. We then take the equilibrated shape as the initial shape for the magnetic

torque simulations.
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6.6 Droplet migration on a horizontal substrate

Here we simulated a ferrofluid droplet moving on a horizontal substrate due to a constant magnetic

torque density, Nŷ. Fig. 6.3 shows the case of a droplet (parameters in table 6.2) with the length

of the base ∼ 1.5mm. The response of the droplet is captured in fig. 6.3.

Due to the symmetry of the initial conditions, the left and the right contact angles (θr and θa

respectively) of the droplet in fig. 6.3a are equal at t = 0ms with θa = θr ∼ 48◦. The static

contact angles θ̄A and θ̄R are set to 51◦ and 45◦ respectively. Since the initial contact angles lie

withing the range [θ̄R, θ̄A], the droplet is at rest initially. Because of the magnetic torque density

Nŷ, the ferrofluid particles start spinning clockwise and set the fluid in motion as seen by the

streamlines plotted in fig. 6.3a. The arrows on the streamlines show the clockwise direction of

the fluid motion. Due to the fluid motion, the droplet tilts towards the right (fig. 6.3a t = 5ms).

This causes the dynamic contact angles to overcome the static contact angles as shown in fig. 6.3b

which plots the dynamic and static contact angles of the left and the right contact points. The

droplet becomes mobile as a result of θa > θ̄A and θr < θ̄R, thus becoming mobile (see eq. 6.35).

The corresponding velocities of the left and right contact lines can be seen in fig. 6.3c.

Using our model we can furthermore calculate the functional dependence of droplet velocity on

parameters such as the applied torque density N and the static contact angles (θ̄A and θ̄R). Similar

to the experimental power law used in contact line dynamics eq. 6.1, we can write a power law for

the contact line velocity as a function of the applied torque.

ucl ∼ k [N −Nc]
m for N ≥ Nc (6.44)

where Nc is the critical torque required for the droplet to move and the phenomenological

constants k andm can be found using the finite element simulations. Using the boundary condition,
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Figure 6.3: Droplet migrating on a horizontal substrate. a) Finite element plots showing snapshots
of a migrating droplet at different times demonstrating the horizontal movement of the droplet.
The arrows on the streamlines point in the direction of fluid motion. The color plot represents the
particle angular velocity ω(rad/s). b) Plot of the time evolution of the left and the right contact
angles (◦) of the droplet depicted in (a). c) Corresponding plot of the velocities (mm/s) of the left
and the right contact points as a function of time. The value of N used here is 10N/m2(−ŷ).
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Figure 6.4: Plot of droplet velocity ucl(µm/sec) as a function of applied magnetic torque density
N(N/m2). The fits represent the power law fits given by the eq. 6.44 of the non-zero velocity
points.

ω = 0 at z = 0 (see equation 6.27) we calculated the motion of a droplet as a function of increasing

magnetic torque density N for three different sets of θ̄A and θ̄R i.e. [θ̄R, θ̄A] = [45, 51], [42, 54]

and [39, 57]. The plot in fig. 6.4 shows the velocity of the droplet as a function of the applied

torque. The data points in the plot represent the data generated by the finite element calculations

and we can see the existence of a critical Nc below which the droplet doesn’t not move. This is

because of the contact angle hysteresis as some torque density is ‘used’ to overcome the static

contact angles. The dotted lines represent the non-zero data points fitted with the power law curves

given by the equation ucl = k [N −Nc]
m where the constants k, m and Nc are used as the fitting

parameters and we can see from the fits that the exponent m ≈ 1. We also find that the critical

torque Nc ∝ (θ̄A − θ̄R).
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Quantity Value Definition

ρ (kg m−3) 1.5× 103 fluid density
η (Pa s) 6× 10−3 viscosity eq. 6.4
ζ (Pa s) 6× 10−4 vortex viscosity eq. 6.4
η′ (N s) 1× 10−12 spin viscosity eq. 6.6
γ (N/m) 29× 10−3 surface tension eq. 6.12
a0 (m) 6.7× 10−4 characteristic droplet radius
h (m) 3× 10−4 droplet maximum thickness
λ (m) 0 rotational slip length eq. 6.16
k (°/m) 107 contact angle hysteresis penalty term eq. 6.43
θ̄R, θ̄A (°) 45◦, 51◦ static contact angles eq. 6.36

Table 6.2: Parameter values used in finite element analysis. Some of the values are taken from
[158]–[160] (EFH1 oil-based ferrofluid, Ferrotec Corp. Bedford NH, USA).

6.7 Droplet migration against fields: the inclined substrate

The mechanism described in the present article, can be employed to drive droplets against external

fields and forces. For instance, we used the model to drive droplets against the gravitational field

as the droplets climb a plane inclined at an angle ψ (cf. Fig.6.1, middle). Fig. 6.5a shows the case

of a droplet climbing an inclined plane with an angle ψ = 20◦ and [θ̄R, θ̄A] = [45, 51] i.e. ∆θ̄ = 6◦.

The value of the magnetic torque density N used here is 10N/m2(−ŷ). Due to the contact angle

hysteresis we again see a critical Nc required for the droplet to move, similar to the droplet moving

on a horizontal plane. However, for this case, Nc should change with the inclination angle of the

substrate as the droplet now has to move against the gravity. Fig. 6.5b shows the plot of Nc as a

function of changing inclination angles demonstrating an increase in its value as expected. Here

we kept ∆θ̄ constant at 6°.



134

Figure 6.5: Droplet moving up an inclined plane a) Finite element simulation of a droplet climbing
an inclined plane (ψ = 20◦) moving against the gravity at two different times. The colors plot the
particle angular velocity in rad/s. b) Plot of the critical magnetic torque density Nc as a function of
increasing inclination angle ψ of the substrate. The contact angle hysteresis used here is ∆θ̄ = 6◦.
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6.8 Discussion

In this article we demonstrated the effectiveness of a magnetic torque in a liquid endowed with

rotational degrees of freedom to drive the migration of liquid droplets: the collective particle ro-

tation at the droplet free surface acting as a surface shear, can overcome droplet hysteresis effects

and lead to their migration even in the presence of opposing external fields. A three-dimensional

counterpart of the present framework could in principle be employed to capture the essence of

these effects. This is beyond the scope of the present article however.

Although the effect discussed in the present article has definite possible applications in industry

(cf Fig. 6.1) its inspiration originates from medicine. In particular, it is based on the observation

that, targeting malignant cells with nanoparticles has proven elusive: recent research showed that

only 1% of these particles reach their target [165]. The ramifications of this failure include poor

translation of nanotechnology to humans, increased costs and toxicity, and declining therapeutic

efficacy. To digress away from the 1% targeting threshold it is imperative that new and uncon-

ventional mechanisms of locomotion are invented. Thus, our work in the present article should be

considered as a precursor to the development of future targeting-specific locomotion strategies.
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CHAPTER 7

CONCLUDING REMARKS

Living organisms are complex systems that actively take energy from the environment and use it

to perform a magnitude of complex functions such as sensing, navigation, transport, self healing,

reproduction etc. Design of materials that mimic such remarkable properties of biological matter

remains an important scientific challenge. Active soft materials that mimic properties of living

matter can inspire the creation of ‘smart’ materials that can sense their environment and respond

to them. The aim of this research is to study, design and model such responsive materials.

In this work, we looked at systems that respond to various external signals and fields. We

modeled spiropyran-NIPAM hydrogel system that is photo-responsive and using the elastic prop-

erties of these gels, we designed photo-responsive two-dimensional sheets that can fold into three-

dimensional structure upon light radiation (chapter 2). The work presented here can be expanded

upon by looking into the design of composite structures formed using different types of photo-

responsive gels. For instance, in order to create both mountain and valley folds in the structures

presented in chapter 2, we need to have separate light sources on each side of the material that

can limit their applications considerably. Using different types of photo-responsive hydrogels can

remove such limitations. For example, Spiropyran-NIPAM gel which shrinks in response to light

can be replaced with ‘swelling’ photo-responsive hydrogels [3] and the structure made with the

‘swelling’ gels will fold away from the light instead of folding towards the light source. Explor-

ing design options with different types of photo-responsive hydrogels can lead to some interesting

possibilities.

In chapter 3, we modeled the dynamic behaviour of chemo-responsive hydrogel shells that
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undergo morphological changes induced by chemical reactions. The chemical reactions trigger

changes in the material’s hydrophilicity causing the surrounding water to diffuse in and out of the

shell’s surface. This leads to the changes in its morphology. In the work presented in chapter 3, we

modelled this process of water diffusion by means of a damping coefficient in the time evolution

equations of the shell. The damping models the time delay between the reaction processes and the

morphological changes induced by water diffusion. A possible extension of this work would be

to explicitly model the process of water diffusion and derive the ‘damping coefficient’ from more

basic principles.

In chapters 4 and 5, we modeled two different soft robotic systems i.e. a walking robot and

a swimming robot respectively. These robots were created using a material that is both photo

and magneto-responsive. These chapters truly highlight the importance of ‘smart’ materials as we

show that the motion in these magnetically actuated robots can change in response to light. These

robots alter their dynamic behavior such as speed and direction of motion as their hydrogel bodies

sense and respond to external light. Such systems could be used as standalone robotic systems with

possible applications discussed in the respective chapters or in conjunction with a more complex

system where these dual responsive hydrogels play their respective roles as smart actuators.

In chapter 6, we studied another class of active matter system which exists in a liquid phase

as opposed to the elastic hydrogels. The microscopic magnetic particles inside a ferrofluid droplet

respond to external magnetic fields and their coupled motion with the surrounding fluid causes

these droplets to migrate. The understanding of the motion of these ferrofluid droplets and their

dependence on the external magnetic fields can allow us to program their motion and explore

applications in the future where specific targeting is required.

The continuum models and the finite element techniques developed in this work allow for a

deeper understanding of these active systems. This can help us design and engineer more advanced
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and versatile materials that can perform complex functions by actively altering their internal prop-

erties. Such materials will be play a key role in the development of smart and intelligent devices

in the future and our theoretical understanding of their underlying physics can help drive their

development.
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APPENDIX A

MAGNETIC SIMULATIONS

We discussed the hyperelastic material model (constitutive relation) of the magneto-elastic materi-

als in chapter 4 section 4.4 i.e.

Umag = − (FM) · B (A.1)

This results in a magnetically induced stress given by

σmag =
1

J

∂Umag
∂F

FT (A.2)

Solving this equation in index notion we get

(σmag)ij = −J−1∂ (FnKMKBn)

∂FiL
FjL

= −J−1δinδLKMKBnFjL

= −J−1MKFjKBi (= −B⊗ FM/J) (A.3)

where ⊗ is the dyadic/outer product. We can see here that the magnetic stress tensor is not sym-

metric. Therefore the total stress (elastic stress + magnetic stress) on the material will become

asymmetric. This is a problem since we used COMSOL for simulating the hyperelastic solid and

COMSOL internally assumes the stress tensor to be symmetric. Therefore in order to simulate this

material we used COMSOL’s inbuilt hyperelastic module to input the elastic part of the free energy
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density (symmetric stress tensor) and used the weak contribution functionality to add the magnetic

stress as an extra contribution.

Here I will show the derivation of the equation of motion in the weak form. From that, we can

separate the weak form of the magnetic stress and input into COMSOL using the weak contribution

functionality.

We start by writing the strong form of the equation of motion (eq. 1.17) in index notion

ρ0
∂2ui
∂t2

= (fV )i +
∂PiJ
∂XJ

(A.4)

We use the variation in the functional u i.e. δu to write the corresponding weak form as

δW =

∫
V

(
−ρ0

∂2ui
∂t2

+ (fV )i +
∂PiJ
∂XJ

)
δuidV (A.5)

Here, δW is the variation in the virtual work done by the system [166]. Solving the right hand

side

=

∫
V

(
−ρ0

∂2ui
∂t2

δui + (fV )iδui +
∂PiJ
∂XJ

δui

)
dV

=

∫
V

(
−ρ0

∂2ui
∂t2

δui + (fV )iδui +
∂(PiJδui)

∂XJ

− PiJ
∂(δui)

∂XJ

)
dV

=

∫
V

(
−ρ0

∂2ui
∂t2

δui + (fV )iδui − PiJ
∂(δui)

∂XJ

)
dV +

∫
∂V

(PiJδui)NJdS

=

∫
V

(
−ρ0

∂2ui
∂t2

δui + (fV )iδui − PiJδFiJ
)
dV +

∫
∂V

(fS)iδuidS (A.6)

where δFiJ is the variation in the deformation gradient tensor. This derivation does not assume

the symmetry of the stress tensor and therefore can be used for any general case. Looking at the
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stress term in the weak form eq. A.6 i.e.

−
∫
V

PiJδFiJdV

we can separate out the magnetic stress and therefore write the weak contribution due to it as

δWmag = −
∫
V

δF : PmagdV (A.7)

where the symbol ‘:’ denotes contraction over two indices. We can now write the 1st Piola-

Kirchhoff stress tensor as

Pmag =
∂Umag
∂F

(Pmag)iJ = −∂ (FnKMKBn)

∂FiJ

(Pmag)iJ = −δinδJKMKBn

(Pmag)iJ = −BiMJ (= −B⊗M) (A.8)

Therefore using eqs. A.7 and A.8 we can input the following expression as a weak contribution

to the stress for our hyperelastic model.

δWmag = −
∫
V

∑
i=x,y,z

∑
J=X,Y,Z

test(FiJ)(Pmag)iJdV (A.9)

where the ‘test()’ function is COMSOL’s inbuilt functional variation operator.
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